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Abstract

This paperpresents nev methodof Missing Point Estimation(MPE) to derive ef cient reduced-ordemodelsfor
large-scalgparametewarying systemsSuchsystemoftenresultfrom thediscretizatiorof nonlinearpartial differential
equationsA projection-basednodel reductionframevork is usedwhere projectionspacesare inferred from proper
orthogonaldecomposition®f data-dependertorrelationoperators.The key contrikution of the MPE methodis to
perform online computationsef ciently by computing Galerkin projectionsover a restrictedsubsetof the spatial
domain.Quantitatve criteriafor optimally selectingsucha spatialsubsetare proposedandthe resultingoptimization
problemis solved using an ef cient heuristic method. The effectivenessof the MPE methodis demonstratedy
applying it to a nonlinearcomputationaluid dynamicmodel of an industrial glassfurnace.For this example, the
Galerkin projectioncan be computedusing only 25% of the spatialgrid points without compromisingthe accurag
of the reducedmodel.

Index Terms

model reduction,properorthogonaldecompositiontime-varying systems parametewarying systems

|I. INTRODUCTION

This paper presentsa novel reduced-ordemodeling stratgy for large-scaleparametewarying systems.The
proposednethodusesselectve spatialsamplingto yield modelsof low orderthatcanbe solved ef ciently in online
computationsSuch systemsoften resultfrom the discretizationof nonlinearpartial differential equations(PDES),
ordinary differential equationg ODEs) and differential algebraicequationd DAES), and have mary applicationsof
practicalinterest,including computationaluid dynamic(CFD) modelsand ElectronicDesignAutomationmodels.

In recentyears, simulation capabilitiesfor systemsgovernedby PDEs have reacheda considerabldevel of

maturity, particularly with regardto the developmentand use of commercialpackagesFor example,in the glass
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furnaceindustry suchpackage$ave sened astools for modelingphysicalsystemsfor analyzingthe performance
and stability of systemsandfor computeraidedengineeringdesigns[6], [14], [1].

In the caseof spatial-temporasystemsnumericalsimulationis typically achiezed by spatialdiscretizationof the
governing PDEsusing, for example, nite volumeor nite elementmethods.The spatialdiscretizationprocedure
leadsto large-scalesystemsof ordinary differential equationg ODES), typically of order 10° — 108, dependingon
the compleity of the governingequationsandthe desiredlevel of accurag. The underlyinggoverning equations
aregenerallynonlinearandthe model parametersire often functionsof statevariables(hencetime-varying), which
adds considerablyto the degree of compleity [43], [2], [4], [5]. Thus, for problemsof practical interest, the
computationakffort requiredto simulatethesesystemss substantial.

Both the large dimensionof the systemandthe large computationalequirementsendersuchsimulationmodels
inadequatdor controldesignandonline optimization.To facilitatemodel-base@ontroldesign,it is essentiato have
accuratdow-ordermodelsthat are signi cantly fasterto solve thanthe original model. A reduced-ordemodelcan
be derivedusinga projection-baseffameawork, in which the systemvariablesandgoverningequationsareprojected
onto low dimensionalsubspacedn the context of parameterandtime-varying systemsthe resultingsystemis of
reducedorder, but is not necessarilycomputationallyef cient to solve. This is becauseonline simulationsof the
reducedmodelsstill requirecomputationon the large scale.

The contribution of this paperis anew method- the Missing Point Estimation(MPE) approach- thatachieszesthe
goalsof low model order, ef cient simulationand accuratepredictionsusing a projection-baseanodel reduction
framavork combinedwith selectve spatial samplingto ef ciently perform the necessaryonline computations.
Given a simulatedor measuredsignalthat evolvesboth in time and spacewe rst characterizea basisof spatial
functionsthat achievzesoptimal approximationpropertieswith respecto the measureignalby consideringpartial
(nite) sumsof spectralexpansions.This so called “properorthogonal’ (or “principal component')basishas as
its distinguishingfeaturesthat it is datadependentphysically relevant, computableand optimal in a well de ned
sense.To enhancethe computationalspeedof the resulting reducedmodel, we proposeto samplethe spatial
domainin sucha way thatorthonormalityof basisfunctionsis preseredin the sampleddomainby the introduction
of a suitablebilinear form. It is shovn that this bilinear form plays a crucial role in questionson exact signal
reconstructionfrom sampledobsenations(missing point estimations)and on deriving expressiondor alias errors
in approximatesignal reconstructionsAn algorithmis then derived for the selectionof optimal samplesusing a
heuristic optimization methodto minimize the alias error in ary interpolatedsignal in the sampleddomain. We
applythetheoreticakesultsto a modelof anindustrialglassfeeder The meritsof the procedurdor modelreduction
andthe enhancememtf computationabpeedby missingpoint estimationsaredemonstrateéh a rathercomplicated

heattransitionmechanismin a glassfeeder

A. Previous work

The properorthogonaddecompositioffPOD)techniqug24], [38], [26] derivesanempiricalbasisfrom a collection

of simulationor experimentaldata.In recentyears,the POD methodhas seenwidespreadsuccessfubpplication
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to modelreductionfor CFD applications For this reasonjt is chosen,jn combinationwith a glassfurnacecontrol
example,as a casestudy for the methodologypresentedn this paper However, the MPE approachis applicable
to otherprojection-baseanodelreductiontechniquessuchasbalancedruncation[31], [37], [15], [22] andKrylov
subspacenethods[20], [18].

Improvementsn the numericalef ciency of reduced-ordemodelshave beenfocusedmostly on the development
of alternatve, more ef cient methodsto computethe approximatingbasisfunctions[30], [15], [41]. Efforts to
addresghe problemof high computationalkost for simulationof nonlinearand time-varying systemsnclude the
work of Rewienski and White, who use a trajectory piecavise-linearapproximationscheme[35], [36]. In this
approacha nonlinearsystemis representeds a weightedcombinationof linear models,which are obtainedby
linearizing the nonlinearsystemat selectedpoints along a statetrajectory This approachhas beensuccessfully
appliedto nonlinearanaloguecircuits and micromachineddevices [35], [36], andto a nonlinearCFD model of a
supersonidiffuser[21]. Other methodsthat do not rely on linearizationof the systemhave beenproposedmore
recentlyin [10], [4], and[5]. In [10], the approachfor acceleratinghe reducedmodelsimulationis similar to that
proposedhere,i.e., by constructingthe nonlinearbehaior usinga subsetof the original equations.in that work,
the choice of the selectedoriginal equationss madebasedon a priori knowledgeratherthan using a systematic
approachThe MPE approachwasdiscussedn [4] and[5] in the context of computationaluid dynamicsmodels,
while preliminary work on MPE was presentedn [2]. The mathematicafoundationof MPE can be tracedback
to classicalsamplingtheory [45], [33], [32] or, more speci cally, to the problemof approximatesignal recovery
from inhomogeneouslgampledmultidimensionalsignals.Somesignal recovery resultsfrom [13], [33], [23], [32]
are generalizechereto non-band-limitedspectralexpansionsof multidimensionalsignalsby arbitrary orthonormal
POD basesQuantitatve criteria are introducedin [4] and[5] asa meansto selectsuitablesamplepoints so asto

minimize alias effectsin interpolations.

B. Paper organization

The paperis organizedasfollows. Preliminariesand notationalissuesare collectedin Sectionll. The methodof
reduced-ordemodelingvia PODis introducedn Sectionlll. SectionlV describeghe constructiorof reduced-order
modelsusing selectve spatialsampling.A heuristicoptimizationprocedureto selectthe samplepointsis givenin
SectionV. The conceptsare implementedon a simulationmodel of a glassfeeder which is a sectionin a glass

furnace.The resultsof the implementationsare presentedn SectionVI. Conclusionsare givenin SectionVII.

Il. PRELIMINARIES AND NOTATION

Let R, R*, R"” andR"*? denotethe eld of realnumbersthe setsof positive reals,real n-vectorsandrealn x p
matrices,respectiely. For A € R"*?, AT is the transposeof A, A=F' = (ATA)~*AT andA—F = AT(4AT)!
aretheleft andright inversesof A, respectiely, assumingheinversesxist. Theinnerproductandnormof aninner
productspaceX’ aredenotedas(-,-) and| - ||, respectiely, or as(-,-) , and|| - || » if the context requiresindicating

the underlyingspace.lf X is a Lebesguemeasurableset thenthe spaceof all equivalenceclasseqi.e. pointwise
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equality almost everywhereon X) of measurabldunctions f : X — Y, which are squareintegrable over X is
denotedby L,(X,Y). This is a Hilbert spacewhen equippedwith its usualinner product. The restrictionof f to a
subsetXy C X is the mappingf: Xo — Y de ned by f{x) = f(z) with 2 € X, andis alsodenotedby [ = f|x,-
The boundaryof a setX, C X is the settheoreticdifferencebetweenits closureandinterior and denotedby 0X.

The function col stacksthe elementsn its agumentas a columnvector

I1l. PROPER ORTHOGONAL DECOMPOSITION
A. The POD basis problem

In the study of dynamicalsystemshat evolve in spaceandtime we considersignalsw that dependon a spatial
variablex andon time ¢. Thatis, we considersignalsw : X x T — W whereX is a boundedspatialdomainin a
d-dimensionalEuclideanspaceR?, T C R denoteshe setof time instantsof interestand W is a normedvector
spaceof dimensiondim(W) = w in which w(z,t) assumests values.For ary suchfunction w andtime instant
t € T, themapw(t) : x — w(x,t) is assumedo be an elementof someHilbert spaceX’ of functionsde ned on
X. Welet W = L,(T, X) bethe spaceof all functionst — w(t) thatmapT into X andthatare squareintegrable
in the sensethat 7

Wil = § Iw(®)1% dt

1/2

is nite. W becomes Hilbert spacewith inner product
Y4

(Vv,w),,, = T(v(t),w(t))X dt
wherev,w € W. We will considerdynamicalspatial-temporatystems3 thatare subsetof WV andview elements
of B astime dependingunctionsw where,for x edtime ¢ € T, the expressionw (t) standsfor the functionw(-, t)
in X thatactson the spatialdomainX.

Spectraldecompositionsof signalsby (in nite) sequence®f orthogonalfunctions underlie mary numerical
technique®f approximationA centralthemein this paperis thereforethe constructiorof an(empirical)orthonormal
basisof the Hilbert spaceX’ that provesuseful for the representatiormnd approximationof signals.Supposehat
X is a separableHilbert spaceso thatit admits[27] a countableorthonormalbasis{yy, ¥ € 1} wherethe index
setl = {1,2,...} hascardinalityequalto the (possiblyin nite) dimensionof X. Givensuchanorthonormalbasis,
we introducefor ary w € W the spectralexpansion

X
w(z,t) = ap()er(r), zeX teT, 1)
kel

wherethe expansioncoefcients are given by

ar(t) = W(t),ox)y, kel teT. )

The approximationof w(x,t) usinga nite sumretainingthe rst n termsin (1) is denotedw, (x,t).
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Definition 1: Given an obserationw € W, a POD basis is an orthonormalbasis{yy, k € I} of X with the

propertythat the error 7

X
W — w3y = . Iw(t) = (WD), on) x il dt ®3)
k=1

is minimal for all valuesof n > 0.

A PODbasisthereforehasthe propertythatary truncationin theexpansion(1) of w is anoptimalapproximatiorto
w in thenormedspaceV. POD basescanbe characterizeéindcomputedoy meansof an eigervaluedecomposition
of asuitablyde ned correlationoperator Preciselyde ne, for w € W, the data-correlation operator C, : X — X
by 7

(Y1, Cwth2) = T(w1,W(t))X~(¢z,W(t))X dt 1,9 €X. “4)

It is immediatethatC,, is awell de ned linear, boundedself-adjointandnon-neative operatoron X. If X happens
to be nite dimensionalthenC,, is simply a non-ngative de nite matrix. It canbe shovn [24], [8], [29] that an
orthonormalbasis {¢, k € I} of X is a POD basisif and only if ¢k, k € I, are normalizedeigenfunctions
correspondingdo the orderedeigervaluesi; > X\, > --- of C,.

The truncationlevel n dependson the problemat handand canbe determinedn mary ways. We introducethe
criterion P,

P, = Lk )
kel Mk

Thecorrelation tolerance 0 < Py, < 1 thende nesthetruncationlevel asthe minimal valuen for which P,, > P,.
In typical applicationsP,, = 0.99 [24]. Oncen has beenset, the reduced-ordemodel can be constructedby
conductinga Galerkin projection. For modelsdescribingdiffusion phenomenan computationaluid dynamics,a
numberof casestudies([26], [24], [3]) shawv that the order can be reducedto aslow as 1% of the order of the

original model.

B. Approximate solutions and Galerkin projections
In mostapplicationsspatial-temporatystemsaredescribedy partialdifferentialequationandatypical evolution
equationcan be written in the form

Dyw(z,t) = F(w(x,t),..., Dbw(z,t),...) (6)

subjectto boundaryand initial conditionson (subsetsf) the (sufciently smooth)boundaryseto(X x T). Here,
F is somefunction, D, is the partial derivative operatorD; = % and D? is a compactnotationfor an arbitrary

partial derivative in the spatialcoordinatex. Precisely D? is de ned by

D D D: DPd 8‘1)‘11}
— 1 P2 —
Dyw= Dy Dg3 - Dyfw = 817{1 ...3$Zd )
wherep denotesa multi-index p = (p1, .. ., pq) thatconsistof d non-neative integersp;, andwhere|p|, the length

L . P . .
of the multi-index, is de ned as|p| = le pi. By convention, D% %% = w. For the importantclassof linear
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spatial-temporasystems(6) simpli es to
X
Dyw(x,t) = cpDPw(x, t), @)
0<|pl<m
whereP 0<p|<m Dk is a polynomial differential operatorwith real coefcients ¢, and degreem in the partial
derivative operatorD,,.

Throughoutit is assumedhat solutionsw of (6) are continuousfunctions on the closureof X x T and are
sufciently often continuouslydifferentiableas elementsof the Hilbert spacelV. The notion of an approximate
solution of (6) will be de ned in termsof projectionsof eitherthe solution space of (6) or the residual associated
with (6) ontoa nite dimensionakubspaceSpeci cally, let S be a finite dimensional subspacef X', dim(S) = n,
andsupposehatw = 1. Thatis, we considerscalarvaluedfunctionsin (6) only.

Definition 2: Let S be ann dimensionalsubspacef X’ andlet W,, = L,(T,S). An elementw,, € W,, is an

o approximate weak solution of ordern of (6) if

(DwWn (1), 0) s = F((Walt),@)s - (DEWn(D), )5 5 - --) (8)

for all ¢ € S andalmostall ¢ € T.

e Galerkin approximate solution of ordern of (6) if

(thn(t)7 (P)S = (F (Wn(t)a e aDgwn(t)a . ) )410)5 (9)
for all ¢ € S andalmostall ¢ € T.

The set of all approximateweak solutionsof order n is denoted3}** and the set of all Galerkin approximate
solutionsof ordern is denotedBSalerkin,

It is importantto point out that for linear systems the expressions(8) and (9) coincide becauseof the linearity
of F. This meansthat a projectionof the solution spaceand a projectionof the residualassociatedvith a linear
PDE (6) coincideandresultin the propertythat By = BSalerkin | For nonlinearsystemshis is evidently no longer
the case.We referto [25], [40] for arigoroustreatmentof solutionconceptsand Galerkin projectionsin nonlinear
evolutionary PDEs.

In computationaluid dynamicsS typically consistsof nite elementapproximationf functionsin X. We will
be particularly interestedn GalerkinapproximationsvhereS = X,, = span(¢x,k = 1,...,n) where{yy, k € I}
is a POD basisof X. In that case,elementsw,, € W,, assume&he form

X
wy(z,t) = ar(t)pr(@)
k=1
where the coefcient functionsa;, : T — R are squareintegrable. Condition (8) implies that the expansion
coefcients of approximateweak solutionssatisfy the ordinary differential equation

X
ap(t) = Flar(t),...,  ae(t) (DYoo, 0x)s,---) forallteT, k=1...,n. (10)
=1
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Similarly, (9) implies that the coefcients satisfy

ag(t) = (F(Wa(t), ..., DiWn(D),...) , ¢)s - (11)

In spite of a substantiateductionof modelorderthatcanbe accomplishedn this manneythe computationabain
in computingsolutionsof the reduced-ordemodelmay still be modestbecausehe evaluationof theinner products
in the right-handside of (10) or (11) is computationallyintensie. Indeed,(10) and (11) amountto evaluatingthe
inner products(-, -) g over the entire spatialdomain,which may becomea formidabletaskin large-scaleor high-
dimensionalsystemsand computationallyprohibitive in parameterandtime-varying modelswherethe evaluation
of theseinner productsneedsto be performedonline. This paperproposesa nev methodologyto acceleratéhese
online computationsin SectionlV, it is shovn that undersuitableconditions,the same reduced-ordemodel can

be obtainedwith a much simplerright-hand-sideexpressionthanthe onein (10).

IV. MISSING POINT ESTIMATIONS AND PARTIAL OBSERVATIONS

The key contrikution of this paperis a methodto make the approximatemodelsBY and BSalerkin suitablefor
fastcomputationsin orderto achieve this goal, we considera samplingof the signalw : X x T — W. The sampled
points can be regardedas measurementsr obsenationsof w. We rst considerthe exact reconstructiorof signals
from sampleddataor sampledmeasurementby meansof an appropriateinterpolationof the sampledsignal. We
thenaddresghe approximaterecovery of signalsfrom sampledor partial obsenations.

The methodologypresentedn this sectionextendsthe idea of the missing point estimation(MPE) described
in [4], [5], [3], which is basedupon the theory of Gappy POD, developedby Eversonand Sirovich [17]. The
gappy POD methodhas beenappliedto data reconstructionproblems,such as reconstructionof facial images
[17], ow structure[12], [42], and ow sensing[44]. The key idea of gappy POD is to estimatethe expansion
coefcients {aj, k € I} from incomplete(gappy) data.As such,this estimationproblembelongsto the realm of
signalreconstructiorproblemsthat are abundantin signal processind45], [23], [33], [32]. Resultson exact signal
reconstructiorthatarepresentedhereareinspiredby signalreconstructiorproblemsfrom inhomogeneouslgampled
data.Especiallytheresultsin [13] aregeneralizechereto non-band-limitedspectralexpansionof multidimensional
signalsin termsof an arbitrary orthonormalPOD basis.

Supposehat Xy is a finite subsetof N distinct pointsXg = {x1,...,zn} in the domainX and supposehat a
measurement OF partial observation w is available at the collection of the pointsin Xg. Thatis, a measuremenits
afunctionw : Xo x T — W de ned on N spatialsamplesX, andtime T that satis esthe restrictionw = w|x, xT
for someunobsered signalw : X x T — W. Throughouttildes and hatswill be usedto indicate sampledand
interpolatedsignals,respectiely. We considerhere the problemto reconstruct the unobsered signal w from its
samplesw.

Supposehat { ¢k, k € I} is a basisfor X andassumehat X is either nite dimensionabr a setof continuous

functions.Let @y, := ¢|x, denotethe restrictionof the basisfunction ¢, to the samplesXy. De ne, for n > 0
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andaset{a;, k= 1,...,n} of coefcient functionse;, : T — R the expansion

X
wy(z,t) = a(@er(z), x€Xo, t€T (12)
k=1
togetherwith its interpolation
X
Dz, t) = ar()er(z), zeXteT. (13)
k=1

The name’interpolation'is justi ed since®,, coincideswith @, on the samplepointsin Xj.

Introducethe N x n real matrix ~ that consistsof the samplesof the rst n basisfunctionsyy, de ned by

0 1
p1(z1) ... pnl1)
"= % s s § . (14)
pr(zn) .. pnlzN)
Then (12) canbe written in matrix form as
wo(t) = Ta(t), (15)
wherea(t) = col(e1(t), . .., e, (t)) isthevectorof expansioncoefcients andw.,,(t) = col(w,(x1,1),.. ., w.(zN,1))

is the vector of samplesat time t.
We de ne for ary v, w € X the bilinear form:
bl
(v,w) = v(z4)gi, jw(zs), (16)
i,5=1

whereg; ; is the (¢, j)th entry of the N x N real symmetricmatrix

Q="("Ty YTy T,

andwherewe assumehatn < N is suchthat ~ is injective. SinceQ = QT > 0, we have that ||w| v := (w, w)i,/2

de nes a semi-normon X'. Moreover, since(v, w) 5, only dependsn the samplesr = v|x, andw = w|x, we also
write, with someatuseof notation, (v, w) 5, for the right-handside of (16) andview (-, -) ,, asa bilinearform on
the sampled functionsv and w.

The introductionof the bilinear form (16) enablesus to formulateboth exact and approximatereconstructiorof

the signalw, asdescribedn the following subsections.

A. Exact reconstruction

The following lemmamotivatesthe importanceof (16), relating the bilinear form on the sampledfunctionsto
the inner productin X.

Lemma 3: If = de ned in (14) is injective, then
(v,w)y = (v,w), foralv,weA,, a7)

where X,, = span(ypg, k= 1,...,n).
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Proof: Letv,w € X,. Then,with a; = (v, ¢r), br = (w,¢r), a = col(as,...,a,) andb = col(bs,...,b,),
P P
thereholdsv = = |, appr, w = Z‘:} bewe and

X X X
(v,w) » = Ak Pk, bepe = agbr=a'b=w'
k=1 =1 k=1

.
L hw = v TQw = (v,w)

wherein the fourth equality we usedthat (15) and the injectivity of ~ implies that the coefcients a andb are
uniquely determinedoy ~~“w and ~~Lw, respectiely. [
Lemma3 implies that (16) de nes aninner producton the spaceX,, wheneer ~ is injective. In particular for
v,w € X,, this meansthat (v, w) ,, canequialently be evaluatedon the sampledvalues» = v|x, andw = w|x,
by employing (16). Furthermoresettingv = ¢ andw = ¢, in (17), impliesthat {¢x, k = 1,...,n} is alsoan
orthonormalbasisof X,, with respecto the inner product(16).
Now de ne

arn(t) = (W(t), o8) N k=1...,n, teT, (18)

and let #,, be the correspondingnterpolant(13). Using the de nition in (18) andthe resultfrom Lemma3, the

following theoremprovidesthe condition for exact reconstructiorof the signalw from its partial obsenations.
Theorem 4: LetXg = {x1,...,2n} beasetof N distinctsamplesandlet {¢, k € I} beanorthonormalbasis

of X. Suppose™ de ned in (14) hasrank n. If w(t) = w(-,t) € X,, = span(ps, ..., vy,) for t € T, thenw can

be reconstructeaxactly from its partial obserationsw = w|x, x7 in that
Dn(z,t) = w(z,t), forallz eX, teT

by taking the expansioncoefcients (18) in the interpolant(13). In particulay ary signal w in the approximate
modelsBYe* and BSaekin can be reconstructedxactly in this way.

Proof: If w(-,t) € X, thenw(z,t) = P ve1 ar(t)pr(z) sothatits samplesw(x,t) = P o1 ar(t)en(2).
Hence,usingvectornotation,we canwrite w (t) = ~a(t). By theinjectivity of =, a(t) is uniquelyde ned by theleft
inversea(t) = ~~Lw(t), where~—L = (=T 7J ~1~T. Usingthe de nition of Q, it followsthata(t) = ~TQw(t)
so that, by (16), its kth entry readsar(t) = (W(t),¢r) . Consequentlywith a;(t) de ned by (18), we have
ar(t) = ar(t) for all ¢ € T andfor all £k = 1,...,n. But thenthe interpolant(13) reads

X X
On(z, 1) = aex(®pr(z) = ar(®)er(z) = w(z,t)
k=1 k=1

for all x € X andall ¢t € T, which givesthe result. ]
Thus, provided that the unobsered signal w(-,t) belongsto X,, for all ¢ € T, this signal can be reconstructed
perfectly from its NV samplesw by taking the spectralcoefcients (18) in the interpolant(13). It is important
to obsere that, by (16), the coefcients «; only dependon the sampledsignals« and . In particular no
information of w other than its partial obsenationsis necessaryto recoser w from its samplesWith harmonic
basis functions and equidistantsamples,Theorem4 specializesto the classical Shannonsamplingtheoremthat
hasbeenprofoundly studiedin information and samplingtheory [45], [33], [32]. Following standardengineering

terminology the minimum value of n for which w € &, is the bandwidth of w. If no suchn exists, the signal
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is said to be non-band-limited.Theorem4 thereforeprovides a signal recovery stratgly for inhomogeneously

sampledmultidimensionalsignalsthat are representedy spectralexpansionsin termsof arbitrary orthonormal

bases{wk}kg.

B. Approximate reconstruction
Of course thereare mary caseswherew(-,t) ¢ X, for all time instances € T. For thesecasesgexact signal

reconstructiorfrom samplesw will not be possible.

Using the bilinearity of (16), we have that the coefcients «;, de ned in (18) satisfy

ar = (W, pr) y = ae (e, or) N = ae (e, o6)n + ae(pe, k) y =
Lel =1 L>n
= ag t Qaljas,k (19)
where
X
Qalias,k = Qy (Sofa SOK)N ) k= 13 ey
L>n

is the kth alias coefficient. Hence,the kth coefcient «; not only dependson a; but also on the higher order
expansioncoefcients a, of w with ¢ > n. The alias expression (19) is well documentedor speci ¢ orthonormal
basessuch as basesof trigonometricfunctions or basesconsistingof Laguerreor Chebeshe polynomials[33],
[45], [13] but is hardly ever usedfor multidimensionalsignalsexpandedthrougharbitrary orthonormalbasessuch
asthe onesusedhere.

Dueto the aliasexpression(19), the interpolant®,, de ned in (13) with spectralcoefcients (18) will in general

not be equalto w andincur an interpolationerror ||w — #||. Using (19), we canexpressthis error as

[w = Bnll§y = [lw —wn + wp — Bnllfy = [w—wa|§y + llw, — dull5y =
2 X 2
= a7, r) * l| @atias, & () |7, (7. Ry - (20)
k>n k=1

Here,the rst summationis dueto the projection error w —w,, andthe secondsummatioris dueto the alias error:

X
O (2,1) — wp(z,1) = Qalias, k(1) P (). (21)
k=1
It follows that the interpolationerror is never lessthanthe projectionerror and never lessthanthe alias error.

If exactsignalreconstructioris not possible,one may adoptan anti-aliasapproachby eitherincreasingn, or by
usingan anti-alias lter thatforcescoefcients a, = 0 for £ > n. In the transformdomain,the coefcients ayjiys,k

dependlinearly on the coefcients ay, £ > n. Consequentlythe alias operator A,, : {2(I,R) — R™ de ned by
Ana = COl(aalias,ka k= 17 ey n) (22)

which mapsthe expansioncoefcients a, of a given obsenationto its correspondingalias error coefcients, is a

linear surjectve map. Its inducednorm

A,a
JAu=  sup el
07 a€ls(I,R) llall
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is a suitablemeasurdfor the alias sensitivity and dependson the truncationlevel n and,by (16), on the choice of
the N distinct samplepointsin Xg. The following theoremcharacterizeshe alias sensitvity. In the next section,
this characterizatioris usedto derive a quantitatve metric for selectingsamples.
Theorem 5: Let{py, k € I} beanorthonormabasisof X andlet Xy = {z1,...,zy} beasamplesetconsisting
of N disjoint pointsin X. Then
1) Thealiassensitvity || A, is givenby || A,| = AHZ (A), where A is the n x n real symmetricmatrix whose
(k, £)th entry is given by

X
Age= (¢p,r)N - (Pp, POIN-
p>n

2) If X is nite dimensionaland equippedwith the standardEuclideaninner product,thenthe alias sensitvity

is || An|| = Avex (A), where A is the matrix

A=(CTy *t-L
Proof:
1) The aliassensitvity ||A,| = A (A), whereA = A, A’ . Hence,it sufces to shav that A = A, A’. The
adjoint A} of A, : /2(I,R) — R"™ is the mapping A} : R™ — />(I,R) de ned by
8
20 if1<(<n

(An0)(0) = _ p .
et Ok (0o o)y i L >

Indeed,with a € ¢>(I,R) andb € R™ thereholds

X X X X
(Ana,b) = b ag (e, o)y = ag b (e, o)y = (a, A}D) ,
k=1 0>n (> k=l

wherethe rst inner productis the standardinner productin R™ and the last inner productis the standard
inner productin 4,(I, R). Consequentlyif e, ande, denotethe kth and /th unit vectorsin R™, we have that
the (k, £)th entry of the n x n matrix A,, A? is given by

X
(exs AnAjee) = (Apers Aved),, = (0p,ok) N (9psP0) -
p>n

Hence, A = A, A} asclaimed.

2) To provethesecondtem,supposéhatX’ is nite dimensionalsayof dimensionk’, equippedvith thestandard
Euclideaninner product.Let € RX XX pe the matrix whosekth columnde nes the kth orthonormalbasis
functionyy, of X, k= 1,..., K. Furthermorelet ~ beasin (14) andde ne ~; asthe N x (K —n) matrix
whosefkth columnis the vector of restrictionsgy, = ¢i|x,, » < k < K. Then, usingthe orthonormalityof

the basis{yy, k= 1,...,K},wehaethat T = T = Ix and

T
= IN. (23)

tail tail

August 20, 2007 DRAFT



MISSING POINT ESTIMATION IN MODELS DESCRIBED BY PROPER ORTHOGONAL DECOMPOSITION 12

Using the expressionfor A derivedin the rst partof this proof, (23) and (16), we infer that

A= TTQ 7w wm@™= TTQ In—""" Q7=

- ~T-(- ~T-)— —2~ IN _ ~~T ~(--T-)— —2~T ~ =
- (~T-)— -1 ~T~_(—-—~T)2 (~T-)— -1 _
= (~T7 1 In
Here,we usedin the secondequality that (23) implies ~i ~; = In — ~~ . This givesthe result.

C. Construction of MPE reduced-order models

In this subsectionthe resultson signal reconstructionand approximationare extendedto the constructionof
reduced-ordemodelsusingmissingpoint estimationsThis is a key enablerto derive reduced-ordemodelsthatare
computationallyef cient to solve for nonlinearandtime-varyingsystemsThe mainresultof this subsectiorprovides
conditionsunderwhich the reduced-ordemodelscan equivalently be representethroughfunction evaluationsthat
involve the bilinear form (16).

We considerreduced-ordemodelsof a dynamicspatial-temporakystemB C W. Let n > 0 and supposehat

Bk and BSerkin gre the nth order systemsspeci ed in De nition 2 with
S =X, = span(p1,...,en).

Let X, consistof N distinct pointsin the spatialdomainX. Thende ne B*** asthe setof all functionsw,, in
W, = Lo(T,S) that satisfy

(Diwn(t), )y = F((Wn(t), @) s (DEWn (D), @)y - ) (24)

for all ¢ € S andalmostall ¢+ € T. Similarly, let BSekin pe the solutionsetof all w,, € W, thatsatisfy

(Dth(t), QO)N = (F (Wn(t)a ce 7Dzz)wn(t)a . ) 790)N (25)

for all ¢ € S andalmostall ¢ € T. The evaluationof eachof the argumentsin the right-handsidesof (24) and
(25) involves, by (16), only N function evaluationsand is thereforeconsiderablyfasterthanthe evaluationof the
inner productsin the right-hand-sidef (8) and (9). In particular solutionsto (24) or (25) require considerably
lesscomputationakffort whencomparedo solving (10) and(11). Moreover, the following resultshows that, under
mild conditions,this computationakcceleratiordoesnot incur ary loss of accurag.

Theorem 6: If n < N is suchthat ~ de ned in (14) is injective then
Bweak - Bweak'
Moreover, if B is linear then

weak — alerkin — weak — Galerkin
Bk = g6 = pByeak = pGalerkin,
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Proof: This resultis animmediateconsequencef Lemmag3. Indeed,w,, € B¥* impliesw ,,(t) € S = &,
for all t. But then,by Lemma3, the differentialequationg8) and (24) areidentical, so that the solution sets B¢
and B¢ coincide,providedthat ~ is injective. The secondstatements animmediateconsequencef the linearity
of F' in (6) andlinearity of the inner productin (25). ]
In otherwords,undera mild conditionof injectivity of ~ thereduced-ordemodel %% coincideswith the reduced-
order model ¥ which can equivalently be obtainedby (24). In addition, for the linear casethe reduced-order
modelsof De nition 2, canequialently be obtainedthrough(24) or (25).

The MPE methodthereforeyields computationallyef cient reducedorder modelsfor both nonlinearand linear
casesNonlinearreducedrdermodelsthatarefastto solve areparticularlyattractive for a vastrangeof engineering

applicationswherenonlinearPDEsare frequentlyemployed to describethe physicalsystems.

V. CHOICE OF SAMPLES

The questionhow to selectthe N distinct samplesXy = {z1,...,zy} is of evident interestfor the overall
accurag of the reduced-ordemodel and has not beenaddressedo far. The choice of suitablesensorlocations
by which the systemdynamicscanbe recoveredis a prime practicalmotivation behindthis question.This section
describesselectioncriteria to de ne optimal choicesof sensorlocations.We proposean ef cient heuristic opti-
mization approachandtwo screeningcriteria. The criteria are independentf the original model equationswhich
is importantfor numericaltractability and simplicity of design.Indeed,for large-scalesystemst is more feasible
to develop selectioncriteria using dataratherthanusingthe model. Throughoutthis sectionit is assumedhat X’ is
nite dimensionalsay of dimensionK. X is identi ed with R¥ and equippedwith the standardEuclideaninner

product.In particular the hypothesisof item 2 of Theorem5 appliesthroughoutthis section.

A. Optimization of the point selection

In (20) it hasbeenshavn that the estimationerror ||w — @)y, obtainedfrom the interpolationof a partial
obsenation on the grid Xg, can be representedhs the norm of the projection error w — w,, and the alias error
@, — w,. Theinducednorm of the alias sensitvity A,,, ascharacterizedn Theorem5, obviously dependson the

choiceof N distinct points X, simply becausehe bilinear form (3) dependson the samplepoints Xq. Let
en(Xo) = | 4n ] (26)

expressthis dependence.

Using the assumption®n X we have, by item 2 of Theoremb,
en(Xo) = (7Ty -1 (27)

so that the minimization of ¢/,(Xo) over all subsetsXy C X of cardinality N amountsto selectingXy in sucha
way that|| (<77 ~! -1 | is minimal. The relationexpressedn (27) impliesthatthe closer =T ~ is to the identity
matrix, the smallerthe sensitvity of the aliasingerror, asthe gainfrom the neglectedPOD modesto the aliaserror

is small.
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This resultis analogougto well-known resultsin the literature of experimentaldesign[11],[16],[19] wherean
optimal selectionof N factorsout of K experimentsneedsto be made. The searchfor N factorsis done by
maximizing a particularinformation matrix. Similar to what we have derived in SectionlV, maximizationof the
information matrix also amountsto preservingthe orthogonality of the information matrix when N factorsare
chosenln SectionlV, we introduceda bilinear form to arrive at a similar result.

If e/ (Xo) < ~ for someupperboundy > 0, then(~"7Y ~! — I < ~I from which we infer (after pre- and

post-multiplyingby (=7 ¥ /2 andusingthat =T ~ < I) thatalso
I—~"T~<4I
To avoid computingthe inversein (27), we will insteadminimize the criterion
en(Xo) =1 1= =77 (28)

over all subsetsXy of cardinality N. In particular the above reasoningshows that e,,(Xo) < e (Xg). As matrix
norm, we considerthe Frobeniusnorm

) X X 5
| X [|%:= | Xi5]° (29)
i=1 j=1

Selectionof X soasto minimize e, (Xp) is a combinatorialoptimizationproblem,which is generallynot a very
appealingoptimization stratgy for large-scalesystems.n this paperwe emplgy a non-combinatoriasuboptimal
approachto constructXy, usingthe greedy algorithm. This algorithmis alsoimplementedn [44] to characterize
suitablesensorocations.Given a currentsubsetof points Xy, the greedyalgorithmaddsa point to Xq by looping
over all possiblecandidatepoints, computingthe restrictedbasis ~ that would resultif the candidatepoint were

addedto Xp, and evaluatingthe conditionnumberc(~" J de ned by

o~y = M (30)
Amin (7T
The point that yields the lowestvalueof ¢(~T ¥ is thenaddedto X, andthe processs repeatedin this way, the
subsetX is constructedy choosingone point at a time. The algorithmis terminatedwhenc(~T Y < ¢, where
¢l > 0 is a userde ned condition number typically chosento be well belov 100 [26], [28]. The resultingsample
setXp will not minimize e, (Xp), but the searchmechanisnis ef cient.
Algorithm 7: The greedyalgorithm
Input a (possiblyempty) setX3 ¢ X of Ny pre-selectegoints, a thresholde,, > 0 for the condition number
andasetY C X of Ky candidatepoints.Setj = 0.
1) Repeatthe following stepsuntil ¢ ~T(X3) T Xj) < ¢ or until j = Ko.
o« Setj=j+ 1
« Forall =, € Y\X} ", determine

cg=c TT(XHT Xy ,

whereX, = X} ' U {ay, } andg=1,..., Ko —j+ 1.
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« Find theindex ¢g* for which ¢y« <c¢,forall 1< g< Ko—j+ 1L
« SetX} = X5~ U{ax,. }. ThenXj consistsof No + j points.
2) OutputXp = Xg is asetof N = Np + j samplepoints.
For very large systemsjt may be computationallyexpensve to considerall pointsin the high-dimensionaspace
X ascandidatepoints. In this case,a screeningcriterion may be appliedto rst selecta subsetof samplepointsY,

to which the greedyalgorithmis applied.This criterion could also be usedfor selectingthe initial samplesetX§.

B. Point screening criteria

The rst point screeningcriterion ordersthe pointsaszy,, . . ., zx, , accordingto the quantity e, suchthat

en(Tr,) < enlr,) <o <en(@n ) (31)

This criterion is motivated by the desireto minimize the alias sensitvity ||A,| over all selectionsof N distinct
rows in (14).
A secondscreeningcriterion, which incorporateghe relationshipwith the collectedsnapshotiata,considershe

ensembleof projectedsignalsw,,(t) € R¥ wheret € T andsets

Wn= wp(t) - wWy(tar)
Let y, denotethe canonicalprojectionfrom X = R¥ to Xy = RY, andde ne, for all time instantst € T, the
projectionsw,,(t) =  x,W,(t). Set

W= W(t) - Wu(tw)

The secondscreeningcriterion measureghe differencebetweenthe time correlationmatrix W, W,, constructed
from the ensemble{w,,(¢;),7 = 1,..., M} andthe correlationmatrix WIWR built from the restrictedensemble

{w,(¢t;),5 = 1,..., M}. Thedifferenceis measuredy &,(Xy) de ned as

8u(Xo) = | W W, — W, W, || . (32)
The pointsin X arereorderedas zy,, ...,z Suchthat
én(x/ﬁ) < én(xkz) <---< én(ka ) (33)

Using either (31) or (33) the rst Ko points{zy,, ...,z } areincludedin the setof candidatepoints Y, which

aretheninput to the greedyalgorithm.

V1. APPLICATION
A. Glass Melt Feeder Application

The missingpoint estimationapproachs implementedn a numericalmodelof a glassmelt feeder A glassmelt

feeder shawvn in the schematicFigure 1, is the sectionof a glassfurnacethat is locatedbetweenthe re ner and
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the glassmelt exit point. The feederis fed by incoming glassmelt from a reactor The rate of glassmelt ow is
measuredn tons/dayandis known in the glassindustry asthe pull rate.

Glassquality is highly sensitve to variationsin glasscompositiorandenegy transferin thefurnaceandthefeeder
The control of glassquality speci cationspredominantlyinvolvesthe concisetrackingof a non-uniformtemperature
distribution within a speci ed range.Non-concisetracking of temperaturewill producedefectve glassproducts,
suchasirregular shapescracks,or bubbles[7]. The actuatordn a glassfeederare the temperaturedistributions of
the so-calledcrown, which is a comhustion chamberabove the glassmelt. Several temperaturesensorsare placed
in the glassmelt and the measurementare fed backto controllersto adjustthe crowvn temperatureThe crown is
divided into several zones;the temperaturedistribution in eachzoneis adjustedto reachthe desiredtemperature

pro les in the glassfeeder

Fig. 1. Schematicview of a glassfeedey the glassmelt is enteringthe feederfrom the left side and at the right endis dischaged as glass

gob to the forming machine.

Until now, the glassindustry hasmainly usedcorventionalPID controllers.Fast (100 to 1000timesfasterthan
real time), accurate(absoluteerrorsin the rangeof 0.2 degrees)simulationmodelsprovide an opportunityto use
more sophisticatedmodel-basegrocesscontrol.

A CFD modelis usedfor high- delity predictive simulationsof the glassmelt o w andtemperaturalistribution
in the feeder In general,the o w can be consideredo be incompressibleand laminar The ow is governedby
the Navier-Stokes equationswhich describethe pressureeld p andthe velocity eld (vy,vy,v;) in thex, y andz
directions,respectiely, andthe enegy equationdor the temperatureeld w [9]. In this application,w(z, t) refers
to the temperature of the melt at positionz = (x,y,z) € X in the feederandat time ¢ € T.

The governingequationof heattransferin the glassfeederis given by

%%: - Fiv(p{%wv; + fiv(sgradu) + & (34)

convective heat transfer ~ conductive heat transfer ~ external energy sources

which is a PDE of the form (6).

Most physicalparameter®f the glassmelt are functionsof temperatureln Tablel, the temperature-dependent
parameter®f a speci ¢ greencontainerglassare listed (the temperaturas in Kelvin).

To solve the equationsiumericallyover the spatialdomainX anda nite time domainT, the feederis discretized

as shawvn in Figure 2, using a total of 7128 grid points. The model (34) is discretizedin spaceusingthe nite
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TABLE |

TEMPERATURE DEPENDENT PHYSICAL PARAMETERS.

Density p [kg/m3] [39] p(w) = 2540 — 0.14w
Viscosity u(w) (Ns/m?) [7] p(w) =10 2592 4 SASIZRL
Speci ¢ Heatcp (w) (I/kgK) [7] cp = 221 4 0.0956w

Thermalconductiity x (W/m.K) [39]  x(w) = 0.527 4+ 0.001w + 2.67 x 10%w?>

volumemethod[43], in which the governingPDE (34) is integratedfor every grid cell. Speci cally, thetemperature

w at a grid point P anda time instantt,, is denotedby wp(k) andgiven by the discreteevolution equation

ap(R)wp(k) = aw (k)ww (k) + ap(k)ww (k) + as(k)ws(k) + an(k)wn (k)
+ ap(k)wp(k) + ar(kywr(k) + ap(R)wp(k — 1) + Sy(k)u(k — 1) (39)

whereww , wg, wy,wg, wr, wp denotethetemperatureat the western gasternnorthern,southerntop, andbottom
neighboringgrid points, respectiely. The input u(k) € R™ comprisesn,, external sourcessuch as the crown
temperature electrical boostings, heaters,and the terms where boundary conditions (such as inlet and outlet
temperaturesjreimposed The contritution from the input to the dynamicsof w p (k) is denotedasS, (k) € RY*"w.
Thetermsap,a%, aw,ag, as,an,ar, as, S, € RY*™ aregenerallytime varying due to the dependenciesf the
physicalparameter®n the temperature.

Writing (35) for 7128 grid pointsyields the following nonlinearsetof equations
AW(k+ D)w(k+ 1) = Ao(w(k+ 1)w(k) + B(w(k + 1)u(k) (36)

wherew (k + 1) is the vector containingthe unknonvn temperaturesaluesat time ¢ 4.1 .

At grid points on the domain boundary the temperatureis speci ed using Dirichlet or Neumannboundary
conditions.The temperatureat theseboundarypoints belongsto the input termsu (k) in (36); they do not belong
to the variablesto be solved. For this application,the numberof non-boundarypointsis 380Q In addition, we
exploit symmetryin the z direction and only considerhalf of the meshpoints de ned in the feeder;therefore,

w(k) € R1®% and K = 190Q

B. Complexity Analysis
In CFD and mary other applications,the nonlinearsystem(36) is typically solved in an iteratve manner A

numberh,, Of inneriterations(in our casel00) is appliedto advancefrom time ¢, to tx+1 . Eachinner iteration

steptakesthe form

AW W = Ag(wh Iw(k) + B(wiy u(k), h=0,..., he (37)

whereh is the inneriterationindex andw?, , is the approximationof w (k + 1) at the hth iteration. Eachiteration
is initialized with w9,, = w(k) andis terminatedwvheneitherthe difference(w 1] —w?,, ) is smallerthansome

speci ed toleranceor whenh = hig,.
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Fig. 2. Geometryandgrid cells of the feederchannel.The Cartesiancoordinateorientationis denotedby the x for length,y for height,and
z for width. The entranceof the feeder(which is connectedo the working end) startsfrom the left part andthe outlet of the feeder/thespout

is on the rightmostpart.

Solution of the nonlinearsystemat eachtime stepthereforerequiressolving a sequencef linear problemsin
the unknown w,’ﬁ asgiven by (37), which canbe castasa linear parametewarying (LPV) system.Referto [34]
and[43] for more detailson the implementationfor this particularapplication.

Thetotal computationatostof solvingthe full modelcanbe classi ed accordingto the following threesources:

1) computingthe coefcients of A, Ay andB at every iterationwithin eachtimestep

2) solving (37) at every iteration within eachtimestep,using, for example, LU decompositionor conjugate

gradientmethod;

3) otheroverheadcost,suchasthe time neededor initialization, etc.

Using a projectionframework (e.g. standard?OD) to derive the reducedmodel resultsin a reduced-ordet PV
system,which mustbe constructedand solved at every iteration within eachtimestep.As for the full model, the
large-scalamatricesA , A o andB muststill be computedIn addition,theinnerproducts TA , TA, and "B
must be computedat eachiteration. The compleity of computingtheseinner productsis, respectiely, O(pa K),
O(pa ,K) andO(K), wherepa andpa , arethe numberof non-zeroentriesin eachrow of the sparsematricesA
andA . The computationakostof solving the resultingnth-orderlinear systemis very small, sincen is typically
small; this is wheresomesavings are achieved relative to the full-order system.

Implementinghe MPE approactresultsin savingsin the computatiorof thelarge-scalenatricesandthenecessary
inner products.Speci cally, if MPE is appliedover N < K spatialgrid points, then only the correspondingV
rows and columnsof A, A, and B mustbe computed.In addition, the necessarynner productswith the basis
vectorscan be computedwith compleity O(pa N), O(pa ,N) and O(N).

A comparisorof therelative computationatomplexity of the threeapproachess givenin Tablell. It canbeseen
that the MPE approachreducesthe costassociatedvith computingthe matrix coefcients andthe inner products
by a factor of N/K relative to the standardprojection method. This meansthat the computationalacceleration
that can be achieved using the MPE approachover standardprojectionis directly proportionalto the reductionin

the dimensionof Xg. Obviously, the magnitudeof this reductionthat can be achiezed without signi cant loss of
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accurag is problemdependent.

TABLE I
RELATIVE COMPUTATIONAL COMPLEXITY OF SOLVING FULL-ORDER, STANDARD REDUCED-ORDER, AND MPE MODELS FOR EACH
ITERATION STEP. C;, G AND 3 DENOTE COMPUTATIONAL COST ASSOCIATED WITH COMPUTING THE MATRIX COEFFICIENTS, SOLVING

THE LINEAR SYSTEM, AND THE OVERHEAD COST FOR THE LARGE-SCALE SYSTEM.

Sourcesof computational cost Full-order model Standard projection method MPE
Computingthe matrix coefcients (o] (¢]] (N/K)C
Computingprojectioninner products 0 O(paK +pa, K+ K) O(paN +pa,N + N)
Solving the linear system G O(n?) O(n?)
Overheadcost G G G

However, for applicationsin which the dimensionof the reducedbasisis small, it is reasonablé¢o expectthata
signi cant reductionin the dimensionof Xg canbe achieved. In mary applicationsfor which model reductionis
effective, the basisvectorsare relatively smoothin space which meansthat selectve spatialsamplingshouldbe
effective. In addition,asthe dimensionof the full-order stateincreasesoften the requirednumberof basisvectors

remainssmall [26]. If this is the casethenthe sarings achieved using MPE will scaleto very large systems.

C. Reduced-Order Models

We will simulatethe processin a transitionof glasscolor speci cation from greento int (transparentplass.
This color transitionis a highly nonlinearprocessduring which the heatconductvity will changeby a factor of
eight. The nominaldistribution of the crown temperaturendthe variationsfrom the nominaltemperaturdor every

zoneare depictedin Figure 3. A POD reduced-ordemodel and correspondingacceleratiorby the MPE method

Variations of the crown temperature per zone
10 T T T T T

0 20 40 60 80 100 120
T

20 40 60 80 100 120
T

Temperature (K)
=
3

8 0 20 40 60 80 100 120
T

4 <
Length (m) =3 04/—/—\‘J—/_/—\—’—L |
0 o o
o
T T T T N _10 ! n . .

0 20 40 60 80 100 120
1450 1460 1470 1480 1490 1500 1510 1520 time (minutes)

Fig. 3. The nominalcrovn temperaturepro le (left), the variationsfrom the nominaltemperaturen every zone (right)

areappliedto describethe color changeprocessn the glassfeeder In this particularexample,the reducedmodels

arederived by employing the Galerkin method.
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The POD basisis derived from temperaturesimulationdatacollectedeachminute over M = 112 minutesand
containedn thesnapshotatrix Wy, = w(t1) --- W(t112) - ThePODbasisvectors,{yx, k= 1,...,3800},
arethenfoundastheeigervectorsof the correlationmatrix C,, = ﬁWSHapWSIaP. The eigenspectrumf thesnapshot

correlationmatrix is depictedin Figure 4. EighteenPOD basis functions correspondingo the n = 18 largest

1 Eigenvalue spectrum from snapshots colour change

10 ‘ ‘ : ‘ :
10107 i
10° t+ g
% 10°F, g
> -
c 4| *
[} b 4
g 10
* .,
A N |
10° o
10’2 L L L L L
0 20 40 60 80 100 120

index of eigenvalue (n)

Fig. 4. The POD eigevalue spectrumcorrespondingo 112 snapshotgollectedduring simulationof a color change.

eigervaluesare chosento constructthe POD reduced-ordemodel, B§ilekin asde ned in (10), which is calculated
using X, = S = spar{y;}8, asthe projectionspace.Figure’5 shavs the comparisonbetweenthe resultsof the
POD reduced-ordemodel and the original model at two measuremenpoints. From Figure 5, it can be seenthat

the reduced-ordemodel captureshe dynamicsof the original modelwell.

Temperature T, at the surface Temperature T, at the surface

T 9 T

AT (K)
AT (K)

— 3
ol — orlé;lnald 1 — original
—o— reduce oL —— reduced

. . . . . 0 . . . .
0O 20 40 60 80 100 120 0 20 40 60 80 100 120

time (minutes) time (minutes)

Fig. 5. POD-basededuced-ordemodeland original temperaturepro les during the color changeprocessat two measuremenpoints.

D. Application of MPE to the glass melt feeder

The orderof thereducedmodelis morethan200timeslower thanthe original model; however, the computational

time neededto solve the temperaturalistribution is only enhancedy a factor of 2.2. The lack of computational
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efciency for this time-varying systemis dueto the fact that the reduced-ordemodel requiresprojectingthe full
modelequationsonto the spanof a low numberof POD basisfunctions. The CFD matricesA (k), A o(k), B (k) in
(37) must be constantlyupdatedto accommodatehe varying physical parameterssuchas the density viscosity
and heatconductvity.

To acceleratehe computation,the MPE methodis implementedby selectingsamplepointsin X, C X. The
MPE methodyields reduced-ordemodels B{i**i" asde ned in (25), whereX, is determinedrom the selection
criteria describedn SectionV.

An importantimplementationpoint is that, in the MPE reduced-ordemodels,the boundaryconditionsmustbe
satis ed andthe setof excitation signalsde ned by the crown temperaturenust be incorporated.To achieve this,
all pointsthatareadjacento the boundarycells have beenincludedin Xg. In the caseof the feedermodel,thereare
Np = 265 pointsthat are adjacentto the boundarycells wherecrown temperatureinlet temperatureinlet velocity
arede ned. Thesepointsare consideredas“obligatory points”. The locationsof thesepointsde ne the pre-selected
maskX§ in Algorithm 7.

Both screeningriteriawereimplementedo determineareducedsetof 1635candidatepointsY = {z1,...,z1635}
that remainafter the Ny = 265 boundarypoints have beenincludedin the selection.The quantitiese;g(xx) and
818(zy) arecalculatedfor all candidatepointsxy, € X. After eig(xx) (screeningeriterion 1) andé1g(xx)(screening
criterion 2) are calculatedfor every point, the valuesareorderedasin (31) and(33). Plotsof the orderedeg(z; )

andesg(xy ),j = 1,...,1635areshavn in Figure 6. Although the absolutedifferencesn magnitudesof eig(zy; )

x10"

4244 . . . . . . . . 9.2329

4.242 9.2328}

9.23271
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@ relevant
9.23231
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index index

Fig. 6. Theorderedex, (left) andéx, (right) basedon MPE point screeningcriteria.

andeéyg(xy, ) for the differentpointsaresmall, the relative variationsareimportantfor differentiatingamongstates.
For example, supposethat we would like to constructa reduced-ordemodel with 1000 points. The condition
numberof ~ T~ constructedrom the 1000 points with lowest eig(xy, ) is 19.1, while the condition numberof
~ T~ constructedrom the 1000 pointswith highesteg(z, ) is 3189.9.A low conditionnumberof ~T~ (lessthan
100) is requiredto usethe reduced-ordemodelfor predictingdifferentscenariosptherwise the predictionresults

can be very sensitve to any small perturbationsinspectionof Figure 6 for the secondscreeningcriterion shavs
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a cut-off after 1400 points. The conditionnumberof ~T ~ constructedy the 1400 points with lowesteyg(xy, ) is
18.52,while the conditionnumberof ~T ~ constructedby the 1400 points with highesteyg(xy, ) is 216.3.Hence,
it canbe seenthat both screeningcriteria help to separatéhe lessrelevant points from the relevant ones.

For this example,the secondscreeningcriterion tendsto choosepointsthat are spatially clustered This is dueto
the factthatin this screeningcriterion, the POD basisis weightedby the coefcients obtainedfrom the projection
of the snapshotlata. The criterion thereforetendsto group states(and correspondingyrid points)that have similar
temperaturevariations,which, dueto the dominantdiffusive natureof the heattransferprocessen the glassmelt
feeder translatedirectly into a groupingof pointsthat are closelylocatedin space.Selectionof mary pointsthat
are closeto eachotherleadsto a poor conditioningof the spatially restrictedbasis.

Two reduced-ordemodelsare constructecby the MPE method.The greedyalgorithm (Algorithm 7) is applied
to improve the condition numberof the restrictedbasisinner productand reducethe numberof points selectedoy
eachscreeningcriteriato 200. After addingthe obligatory boundarypoints, a total of 465 pointsare usedfor each

MPE model. Figure 7 shows the selectedspatialsamplesfor eachMPE modelasgrey grid cells.

%T,

Fig. 7. Selectedspatial samplesin grey cells at one crosssectionof the feeder The grey cells are found after implementingthe greedy

algorithmon points selectedby screeningeriterion 1 (left) and screeningeriterion 2 (right).

Comparisondetweenthe original and the reduced-ordemodelsconstructecby the MPE methodare shavn in
Figure 8 at two locationson the glasssurface. The simulatedconditionsare the sameas the conditionsapplied
during the snapshotcollection. From Figure 8, it is evident that the reducedmodelshbuilt by the MPE method
adequatelyreconstructhe dynamicsof the original model. The deviation from the original modelis quanti ed by

the maximumabsoluteerror averagee.x, calculatedas
1 X
= max — ) — t 38
€max wex N, ven ” rj_({TZL; /fﬁ_({”CZ’—; ”7 ( )

original model  reduced model

where N, is the numberof time samplesThe maximumabsoluteerror for both reduced-ordemodelsconstructed
by the MPE methodis lessthan0.18K, which is about0.1K higherthanthe maximumabsoluteerror for reduced-
ordermodelsconstructedy the corventionalPOD method.The additionalerror is considerednsigni cant, asthis

error level is still very muchbelonv the maximumtemperaturevariations,which is about12K.
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Response of T1 on the surface Response T, on the surface
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Fig. 8. Comparisondetweenthe original modelandreduced-ordemodelsconstructedby the MPE method.The simulatedconditionsare the
sameasthe conditionsappliedduring the snapshotollection.

For a more challengingassessmentf the POD-MPE model quality, the modelsare validatedby exciting the
systemwith crown temperaturevariationsthat were not consideredas part of the snapshotset. In this case,all
crown temperaturezonesare subjectedo randomvariationsfrom the nominaltemperaturedistribution, distributed

between0 and 5K. The randomvariationsare shavn in Figure9.

The random excitation signal applied to all four zones
5 T T T T T

ATIK]

0 20 40 60 80 100 120
time [min]

Fig. 9. The randomvariationsfrom the nominaldistribution of the crovn temperatureappliedto all four zonesof the crown.

The response®f two measuredocationson the glassmelt surface when subjectedto the randomexcitation
signalsare plottedin Figure 10. Both reduced-ordemodelsperform quite well underdifferent excitation signals.
Both reduced-ordemodelshave a maximumabsoluteerror averageof e..x < 1K, alevel of deviation thatis within
the 10% relative accurag requirementandthusis acceptable.

Figure 10 shows that the MPE model constructedrom the implementationof the greedyalgorithm on points
screenedby the rst screeningeriterionis betterfor handlinglarge temperatureariations(morethan 10K) while the
one constructedrom the points screenedy the secondscreeningcriterion is more accuratewhenthe temperature

variationis small (about4K). As explainedpreviously, in this examplethe secondscreeningcriteriontendsto group
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Fig. 10. The comparisondetweenthe original model and reducedmodelsbuilt by the MPE methodunderrandomexcitation as depictedin
Figure9. The MPE model constructedrom points prescreenetdy screeningcriterion 1 handlesarge temperaturevariationsbetter(left), while
the otheris more accuratefor small temperaturevariations(right).

pointsthat have similar temperaturevariations.lt canbe seenfrom Figure7 thatin someregionsof the feeder the
implementatiorof the greedyalgorithmon the points screenedy this criterion resultin a more clusteredgroup of
points comparedo thoseusingthe rst screeningcriterion.

Tablelll summarizeshe simulationresultsusingPOD modelsandMPE modelsfor the caseof randomexcitations
and shaws the substantialcomputationalgainsthat can be madeusing the MPE approach.The resultingaverage
absoluteerrors for each screeningcriterion are similar, as the condition numbersof the restrictedbasisinner

productsare also similar betweenthe two criteria. The computationalgain of the reduced-ordemodelsbuilt by

TABLE 11l

COMPARISON BETWEEN POD AND M PE MODELS FOR RANDOM EXCITATIONS.

Model Maximum Absolute  Condition nhumber  Computational
Type Average Err or c(H) = (P> ®) Gain
POD (1900 points, symmetriccase) 0.081 K 1 226%

(the sameexcitation signals)

MPE, optimizedby greedy screeningcriterion 1 (465 points) 0.13 K 4.637 754%
(the sameexcitation signals)

MPE, optimizedby greedy screeningcriterion 1 (465 points) 0.97 K 4.637 754%
(validation by randomexcitation signals)

MPE, optimizedby greedy screeningcriterion 2 (465 points) 0.175 K 4.531 754%
(the sameexcitation signals)

MPE, optimizedby greedy screeningcriterion 2 (465 points) 0.90 K 4.531 754%
(validation by randomexcitation signals)

MPE correspondgo 8.5 times fasterthan real time. The computationis performedon a 2.8 GHz processomith

512 MB RAM. The achievable computationabain dependon several factors,suchasthe solution methodsused
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to simulatethe original model, the convergencecriterion, and the algorithmic structureof the original model.

The computationabainsachiezed usingthe MPE approactmay not seemsufciently high to achieve the goal of
real-timemodel-basedontrol; however, in this paper we only considerreduced-ordemodelingof the temperature,
while the variablesgoverningthe uid o w arestill solved by the original model.If the sameapproachwereapplied
to othervariablesthenan acceleratiorof 25 to 30 timesfasterthanrealtime on a single processois feasible.This
would be a major breakthroughfor the implementationof nonlinear large-scalemodelsin online control design,

online tuning, and processmonitoring.

VIlI. CONCLUSIONS

We have proposeda methodologyto derive computationallyef cient, reduced-ordemodelsfor parametewarying
systems,such as thoseobtainedfrom the discretizationof nonlinearPDEs. Corventional projection-basednodel
reductiontechniquesdo not generallyyield modelsthat are efcient to simulate, since the original high-order
model mustbe computedandthe projectioncarriedout at eachtimestep.In this paper computationabhcceleration
is achieved usinga formal modi cation of the properorthogonaldecompositiormethodthat selectsa subsetof the
spatial domain over which to representhe dynamicsof the original system.A heuristic optimization procedure,
combinedwith two quantitatve screeningcriteria, is proposedto selecta suitable subsetof grid points or state
variables.The approachdescribedn this paperis applicableto otherprojection-baseanodel reductiontechniques,
suchasbalancedruncation.Demonstratiorof the approacton a nonlinearCFD exampleshaows that large gainsin
efciency of the reduced-ordemodelscan be obtainedwhile retainingthe nonlinearcharacteristic®f the original

system.
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