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Abstract

This paperpresentsa new methodof MissingPointEstimation(MPE) to derive ef�cient reduced-ordermodelsfor

large-scaleparameter-varyingsystems.Suchsystemsoftenresultfrom thediscretizationof nonlinearpartialdifferential

equations.A projection-basedmodel reductionframework is usedwhereprojectionspacesare inferred from proper

orthogonaldecompositionsof data-dependentcorrelationoperators.The key contribution of the MPE methodis to

perform online computationsef�ciently by computingGalerkin projectionsover a restrictedsubsetof the spatial

domain.Quantitative criteria for optimally selectingsucha spatialsubsetareproposedandthe resultingoptimization

problem is solved using an ef�cient heuristic method.The effectivenessof the MPE method is demonstratedby

applying it to a nonlinearcomputational�uid dynamicmodel of an industrial glassfurnace.For this example,the

Galerkin projectioncan be computedusing only 25% of the spatialgrid points without compromisingthe accuracy

of the reducedmodel.

Index Terms

model reduction,properorthogonaldecomposition,time-varying systems,parameter-varying systems

I . INTRODUCTION

This paperpresentsa novel reduced-ordermodeling strategy for large-scaleparameter-varying systems.The

proposedmethodusesselective spatialsamplingto yield modelsof low orderthatcanbesolvedef�ciently in online

computations.Suchsystemsoften result from the discretizationof nonlinearpartial differentialequations(PDEs),

ordinarydifferentialequations(ODEs)anddifferentialalgebraicequations(DAEs), andhave many applicationsof

practicalinterest,including computational�uid dynamic(CFD) modelsandElectronicDesignAutomationmodels.

In recentyears,simulation capabilitiesfor systemsgovernedby PDEs have reacheda considerablelevel of

maturity, particularly with regard to the developmentand useof commercialpackages.For example,in the glass
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furnaceindustry, suchpackageshave served astools for modelingphysicalsystems,for analyzingtheperformance

andstability of systems,andfor computeraidedengineeringdesigns[6], [14], [1].

In thecaseof spatial-temporalsystems,numericalsimulationis typically achievedby spatialdiscretizationof the

governingPDEsusing, for example,�nite volume or �nite elementmethods.The spatialdiscretizationprocedure

leadsto large-scalesystemsof ordinarydifferentialequations(ODEs),typically of order103 − 108, dependingon

the complexity of the governingequationsand the desiredlevel of accuracy. The underlyinggoverningequations

aregenerallynonlinearandthemodelparametersareoften functionsof statevariables(hencetime-varying),which

adds considerablyto the degree of complexity [43], [2], [4], [5]. Thus, for problemsof practical interest, the

computationaleffort requiredto simulatethesesystemsis substantial.

Both the large dimensionof thesystemandthe large computationalrequirementsrendersuchsimulationmodels

inadequatefor controldesignandonlineoptimization.To facilitatemodel-basedcontroldesign,it is essentialto have

accuratelow-ordermodelsthat aresigni�cantly fasterto solve thanthe original model.A reduced-ordermodelcan

bederivedusinga projection-basedframework, in which thesystemvariablesandgoverningequationsareprojected

onto low dimensionalsubspaces.In the context of parameter- andtime-varying systems,the resultingsystemis of

reducedorder, but is not necessarilycomputationallyef�cient to solve. This is becauseonline simulationsof the

reducedmodelsstill requirecomputationson the large scale.

Thecontributionof this paperis a new method– theMissingPointEstimation(MPE) approach– thatachievesthe

goalsof low model order, ef�cient simulationand accuratepredictionsusing a projection-basedmodel reduction

framework combinedwith selective spatial sampling to ef�ciently perform the necessaryonline computations.

Given a simulatedor measuredsignal that evolvesboth in time and space,we �rst characterizea basisof spatial

functionsthat achievesoptimalapproximationpropertieswith respectto themeasuredsignalby consideringpartial

(�nite) sumsof spectralexpansions.This so called `proper orthogonal' (or `principal component')basishas as

its distinguishingfeaturesthat it is datadependent,physically relevant, computableand optimal in a well de�ned

sense.To enhancethe computationalspeedof the resulting reducedmodel, we proposeto samplethe spatial

domainin sucha way thatorthonormalityof basisfunctionsis preservedin thesampleddomainby the introduction

of a suitablebilinear form. It is shown that this bilinear form plays a crucial role in questionson exact signal

reconstructionfrom sampledobservations(missingpoint estimations)and on deriving expressionsfor alias errors

in approximatesignal reconstructions.An algorithm is then derived for the selectionof optimal samplesusing a

heuristicoptimization methodto minimize the alias error in any interpolatedsignal in the sampleddomain.We

applythetheoreticalresultsto a modelof anindustrialglassfeeder. Themeritsof theprocedurefor modelreduction

andtheenhancementof computationalspeedby missingpoint estimationsaredemonstratedin a rathercomplicated

heattransitionmechanismin a glassfeeder.

A. Previous work

Theproperorthogonaldecomposition(POD)technique[24], [38], [26] derivesanempiricalbasisfrom acollection

of simulationor experimentaldata.In recentyears,the POD methodhasseenwidespread,successfulapplication

August 20, 2007 DRAFT



MISSING POINT ESTIMATION IN MODELS DESCRIBED BY PROPER ORTHOGONAL DECOMPOSITION 3

to modelreductionfor CFD applications.For this reason,it is chosen,in combinationwith a glassfurnacecontrol

example,as a casestudy for the methodologypresentedin this paper. However, the MPE approachis applicable

to otherprojection-basedmodelreductiontechniques,suchasbalancedtruncation[31], [37], [15], [22] andKrylov

subspacemethods[20], [18].

Improvementsin thenumericalef�ciency of reduced-ordermodelshave beenfocusedmostlyon thedevelopment

of alternative, more ef�cient methodsto computethe approximatingbasis functions [30], [15], [41]. Efforts to

addressthe problemof high computationalcost for simulationof nonlinearand time-varying systemsinclude the

work of Rewienski and White, who use a trajectory piecewise-linearapproximationscheme[35], [36]. In this

approach,a nonlinearsystemis representedas a weightedcombinationof linear models,which are obtainedby

linearizing the nonlinearsystemat selectedpoints along a statetrajectory. This approachhas beensuccessfully

appliedto nonlinearanaloguecircuits and micromachineddevices [35], [36], and to a nonlinearCFD model of a

supersonicdiffuser [21]. Other methodsthat do not rely on linearizationof the systemhave beenproposedmore

recentlyin [10], [4], and[5]. In [10], the approachfor acceleratingthe reducedmodelsimulationis similar to that

proposedhere,i.e., by constructingthe nonlinearbehavior using a subsetof the original equations.In that work,

the choiceof the selectedoriginal equationsis madebasedon a priori knowledgeratherthan using a systematic

approach.The MPE approachwasdiscussedin [4] and[5] in the context of computational�uid dynamicsmodels,

while preliminary work on MPE was presentedin [2]. The mathematicalfoundationof MPE can be tracedback

to classicalsamplingtheory [45], [33], [32] or, more speci�cally, to the problemof approximatesignal recovery

from inhomogeneouslysampledmultidimensionalsignals.Somesignal recovery resultsfrom [13], [33], [23], [32]

aregeneralizedhereto non-band-limitedspectralexpansionsof multidimensionalsignalsby arbitraryorthonormal

POD bases.Quantitative criteria are introducedin [4] and [5] asa meansto selectsuitablesamplepointsso as to

minimize aliaseffects in interpolations.

B. Paper organization

The paperis organizedasfollows. Preliminariesandnotationalissuesarecollectedin SectionII. The methodof

reduced-ordermodelingvia PODis introducedin SectionIII. SectionIV describestheconstructionof reduced-order

modelsusingselective spatialsampling.A heuristicoptimizationprocedureto selectthe samplepoints is given in

SectionV. The conceptsare implementedon a simulationmodel of a glassfeeder, which is a sectionin a glass

furnace.The resultsof the implementationsarepresentedin SectionVI. Conclusionsaregiven in SectionVII.

I I . PRELIMINARIES AND NOTATION

Let R, R
+ , R

n andR
n×p denotethe �eld of realnumbers,thesetsof positive reals,realn-vectorsandrealn×p

matrices,respectively. For A ∈ R
n×p, A> is the transposeof A, A−L = (A>A)−1A> andA−R = A>(AA>)−1

aretheleft andright inversesof A, respectively, assumingtheinversesexist. Theinnerproductandnormof aninner

productspaceX aredenotedas(·, ·) and‖ · ‖, respectively, or as(·, ·)X and‖ · ‖X if thecontext requiresindicating

the underlyingspace.If X is a Lebesguemeasurableset then the spaceof all equivalenceclasses(i.e. pointwise
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equality almost everywhereon X) of measurablefunctions f : X → Y, which are squareintegrable over X is

denotedby L2(X,Y). This is a Hilbert spacewhenequippedwith its usualinner product.The restrictionof f to a

subsetX0 ⊂ X is the mapping ~f : X0 → Y de�ned by ~f (x) = f (x) with x ∈ X0 andis alsodenotedby ~f = f |X0
.

The boundaryof a setX0 ⊆ X is the set theoreticdifferencebetweenits closureandinterior anddenotedby ∂X0.

The function col stacksthe elementsin its argumentasa columnvector.

I I I . PROPER ORTHOGONAL DECOMPOSITION

A. The POD basis problem

In the studyof dynamicalsystemsthat evolve in spaceandtime we considersignalsw that dependon a spatial

variablex andon time t. That is, we considersignalsw : X × T → W whereX is a boundedspatialdomainin a

d-dimensionalEuclideanspaceR
d, T ⊆ R denotesthe set of time instantsof interestand W is a normedvector

spaceof dimensiondim(W) = w in which w(x, t) assumesits values.For any suchfunctionw and time instant

t ∈ T, the mapw(t) : x 7→ w(x, t) is assumedto be an elementof someHilbert spaceX of functionsde�ned on

X. We let W = L2(T,X ) be the spaceof all functionst 7→ w(t) that mapT into X andthat aresquareintegrable

in the sensethat

‖w‖W =
� Z

T

‖w(t)‖2
X dt

� 1/2

is �nite. W becomesa Hilbert spacewith inner product

(v ,w)W =
Z

T

(v (t),w(t))X dt

wherev ,w ∈ W . We will considerdynamicalspatial-temporalsystemsB thataresubsetsof W andview elements

of B astime dependingfunctionsw where,for �x ed time t ∈ T, theexpressionw(t) standsfor the functionw(·, t)

in X that actson the spatialdomainX.

Spectraldecompositionsof signals by (in�nite) sequencesof orthogonalfunctions underlie many numerical

techniquesof approximation.A centralthemein thispaperis thereforetheconstructionof an(empirical)orthonormal

basisof the Hilbert spaceX that provesuseful for the representationand approximationof signals.Supposethat

X is a separableHilbert spaceso that it admits[27] a countableorthonormalbasis{ϕk, k ∈ I} wherethe index

setI = {1, 2, . . .} hascardinalityequalto the (possiblyin�nite) dimensionof X . Givensuchan orthonormalbasis,

we introducefor any w ∈ W the spectralexpansion

w(x, t) =
X

k∈I

ak(t)ϕk(x), x ∈ X, t ∈ T, (1)

wherethe expansioncoef�cients aregiven by

ak(t) = (w(t), ϕk)X , k ∈ I, t ∈ T. (2)

The approximationof w(x, t) usinga �nite sumretainingthe �rst n termsin (1) is denotedwn(x, t).
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Definition 1: Given an observation w ∈ W , a POD basis is an orthonormalbasis{ϕk, k ∈ I} of X with the

propertythat the error

‖w − wn‖
2
W :=

Z

T

‖w(t) −
nX

k=1

(w(t), ϕk)X ϕk‖
2
X dt (3)

is minimal for all valuesof n > 0.

A PODbasisthereforehasthepropertythatany truncationin theexpansion(1) of w is anoptimalapproximationto

w in thenormedspaceW . PODbasescanbecharacterizedandcomputedby meansof aneigenvaluedecomposition

of a suitablyde�ned correlationoperator. Precisely, de�ne, for w ∈ W , thedata-correlation operator Cw : X → X

by

(ψ1, Cwψ2)X :=
Z

T

(ψ1,w(t))X · (ψ2,w(t))X dt ψ1, ψ2 ∈ X . (4)

It is immediatethatCw is a well de�ned linear, bounded,self-adjointandnon-negativeoperatoronX . If X happens

to be �nite dimensional,thenCw is simply a non-negative de�nite matrix. It canbe shown [24], [8], [29] that an

orthonormalbasis{ϕk, k ∈ I} of X is a POD basis if and only if ϕk , k ∈ I, are normalizedeigenfunctions

correspondingto the orderedeigenvaluesλ1 ≥ λ2 ≥ · · · of Cw.

The truncationlevel n dependson the problemat handandcanbe determinedin many ways.We introducethe

criterion

Pn =
P n

k=1 λkP
k∈I

λk
. (5)

Thecorrelation tolerance 0< Ptol < 1 thende�nes thetruncationlevel astheminimal valuen for whichPn ≥ Ptol.

In typical applicationsPtol = 0.99 [24]. Oncen has beenset, the reduced-ordermodel can be constructedby

conductinga Galerkin projection.For modelsdescribingdiffusion phenomenain computational�uid dynamics,a

numberof casestudies([26], [24], [3]) show that the order can be reducedto as low as 1% of the order of the

original model.

B. Approximate solutions and Galerkin projections

In mostapplications,spatial-temporalsystemsaredescribedby partialdifferentialequationsandatypicalevolution

equationcanbe written in the form

Dtw(x, t) = F (w(x, t), . . . , Dp
xw(x, t), . . .) (6)

subjectto boundaryand initial conditionson (subsetsof) the (suf�ciently smooth)boundaryset∂(X × T). Here,

F is somefunction,Dt is the partial derivative operatorDt = ∂
∂t andDp

x is a compactnotationfor an arbitrary

partial derivative in the spatialcoordinatex. Precisely, Dp
x is de�ned by

Dp
xw = Dp1

x1
Dp2

x2
· · ·Dpd

xd
w =

∂|p|w

∂xp1

1 · · · ∂xpd
d

,

wherep denotesa multi-index p = (p1, . . . , pd) thatconsistsof d non-negative integerspi, andwhere|p|, the length

of the multi-index, is de�ned as |p| =
P d

i=1 pi. By convention,D0,··· ,0
x w = w. For the importantclassof linear
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spatial-temporalsystems,(6) simpli�es to

Dtw(x, t) =
X

0≤|p|≤m

cpD
p
xw(x, t), (7)

where
P

0≤|p|≤m cpD
p
x is a polynomial differential operatorwith real coef�cients cp and degreem in the partial

derivative operatorDx.

Throughoutit is assumedthat solutionsw of (6) are continuousfunctions on the closureof X × T and are

suf�ciently often continuouslydifferentiableas elementsof the Hilbert spaceW . The notion of an approximate

solution of (6) will be de�ned in termsof projectionsof either the solution space of (6) or the residual associated

with (6) ontoa �nite dimensionalsubspace.Speci�cally, let S be a finite dimensional subspaceof X , dim(S) = n,

andsupposethat w = 1. That is, we considerscalarvaluedfunctionsin (6) only.

Definition 2: Let S be ann dimensionalsubspaceof X and let Wn = L2(T,S). An elementwn ∈ Wn is an

• approximate weak solution of ordern of (6) if

(Dtwn(t), ϕ)S = F ((wn(t), ϕ)S , . . . , (D
p
xwn(t), ϕ)S , . . .) (8)

for all ϕ ∈ S andalmostall t ∈ T.

• Galerkin approximate solution of ordern of (6) if

(Dtwn(t), ϕ)S = (F (wn(t), . . . , Dp
xwn(t), . . .) , ϕ)S (9)

for all ϕ ∈ S andalmostall t ∈ T.

The set of all approximateweak solutionsof order n is denotedBweak
n and the set of all Galerkin approximate

solutionsof ordern is denotedBGalerkin
n .

It is important to point out that for linear systems the expressions(8) and (9) coincidebecauseof the linearity

of F . This meansthat a projectionof the solution spaceand a projectionof the residualassociatedwith a linear

PDE (6) coincideandresultin thepropertythatBweak
n = BGalerkin

n . For nonlinearsystemsthis is evidently no longer

the case.We refer to [25], [40] for a rigoroustreatmentof solutionconceptsandGalerkinprojectionsin nonlinear

evolutionaryPDEs.

In computational�uid dynamics,S typically consistsof �nite elementapproximationsof functionsin X . We will

be particularly interestedin GalerkinapproximationswhereS = Xn = span(ϕk , k = 1, . . . , n) where{ϕk, k ∈ I}

is a POD basisof X . In that case,elementswn ∈ Wn assumethe form

wn(x, t) =
nX

k=1

ak(t)ϕk(x)

where the coef�cient functions ak : T → R are squareintegrable. Condition (8) implies that the expansion

coef�cients of approximateweaksolutionssatisfy the ordinarydifferentialequation

_ak(t) = F (ak(t), . . . ,
nX

`=1

a`(t) (Dp
xϕ`, ϕk)S , . . .) for all t ∈ T, k = 1, . . . , n. (10)
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Similarly, (9) implies that the coef�cients satisfy

_ak(t) = (F (wn(t), . . . , Dp
xwn(t), . . .) , ϕ)S . (11)

In spiteof a substantialreductionof modelorderthatcanbeaccomplishedin this manner, thecomputationalgain

in computingsolutionsof the reduced-ordermodelmaystill bemodestbecausetheevaluationof the innerproducts

in the right-handsideof (10) or (11) is computationallyintensive. Indeed,(10) and(11) amountto evaluatingthe

inner products(·, ·)S over the entire spatialdomain,which may becomea formidabletask in large-scaleor high-

dimensionalsystems,andcomputationallyprohibitive in parameter- andtime-varying modelswherethe evaluation

of theseinner productsneedsto be performedonline. This paperproposesa new methodologyto acceleratethese

online computations.In SectionIV, it is shown that undersuitableconditions,the same reduced-ordermodel can

be obtainedwith a muchsimpler right-hand-sideexpressionthan the one in (10).

IV. M ISSING POINT ESTIMATIONS AND PARTIAL OBSERVATIONS

The key contribution of this paperis a methodto make the approximatemodelsBweak
n andBGalerkin

n suitablefor

fastcomputations.In orderto achieve this goal,we considera samplingof thesignalw : X×T → W. Thesampled

pointscanbe regardedasmeasurementsor observationsof w. We �rst considerthe exact reconstructionof signals

from sampleddataor sampledmeasurementsby meansof an appropriateinterpolationof the sampledsignal.We

thenaddressthe approximaterecovery of signalsfrom sampledor partial observations.

The methodologypresentedin this sectionextendsthe idea of the missingpoint estimation(MPE) described

in [4], [5], [3], which is basedupon the theory of Gappy POD, developedby Eversonand Sirovich [17]. The

gappy POD methodhas beenapplied to data reconstructionproblems,such as reconstructionof facial images

[17], �o w structure[12], [42], and �o w sensing[44]. The key idea of gappy POD is to estimatethe expansion

coef�cients {ak, k ∈ I} from incomplete(gappy) data.As such,this estimationproblembelongsto the realm of

signal reconstructionproblemsthat areabundantin signalprocessing[45], [23], [33], [32]. Resultson exact signal

reconstructionthatarepresentedhereareinspiredby signalreconstructionproblemsfrom inhomogeneouslysampled

data.Especially, theresultsin [13] aregeneralizedhereto non-band-limitedspectralexpansionsof multidimensional

signalsin termsof an arbitraryorthonormalPOD basis.

Supposethat X0 is a finite subsetof N distinct pointsX0 = {x1, . . . , xN} in the domainX andsupposethat a

measurement or partial observation ~w is availableat the collectionof the points in X0. That is, a measurementis

a function ~w : X0 ×T → W de�ned onN spatialsamplesX0 andtime T that satis�es the restriction ~w = w|X0×T

for someunobserved signalw : X × T → W. Throughout,tildes and hatswill be usedto indicatesampledand

interpolatedsignals,respectively. We considerhere the problemto reconstruct the unobserved signalw from its

samples~w.

Supposethat {ϕk, k ∈ I} is a basisfor X andassumethatX is either �nite dimensionalor a setof continuous

functions.Let ~ϕk := ϕk|X0
denotethe restrictionof the basisfunction ϕk to the samplesX0. De�ne, for n > 0
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anda set{~ak, k = 1, . . . , n} of coef�cient functions~ak : T → R the expansion

~wn(x, t) :=
nX

k=1

~ak(t) ~ϕk(x), x ∈ X0, t ∈ T (12)

togetherwith its interpolation

ŵn(x, t) :=
nX

k=1

~ak(t)ϕk(x), x ∈ X, t ∈ T. (13)

The name`interpolation' is justi�ed sinceŵn coincideswith ~wn on the samplepoints in X0.

IntroducetheN × n real matrix ~� that consistsof the samplesof the �rst n basisfunctionsϕk, de�ned by

~� :=

0

B
B
B
@

ϕ1(x1) . . . ϕn(x1)
...

...

ϕ1(xN ) . . . ϕn(xN )

1

C
C
C
A
. (14)

Then(12) canbe written in matrix form as

~wn(t) := ~� ~a(t), (15)

where~a(t) = col(~a1(t), . . . , ~an(t)) is thevectorof expansioncoef�cients and ~wn(t) = col( ~wn(x1, t), . . . , ~wn(xN , t))

is the vectorof samplesat time t.

We de�ne for any v, w ∈ X the bilinear form:

(v, w)N :=
NX

i,j=1

v(xi)qi,jw(xj ), (16)

whereqi,j is the (i, j)th entry of theN ×N real symmetricmatrix

Q := ~� ( ~� > ~�) −1( ~� > ~�) −1 ~� >,

andwherewe assumethatn ≤ N is suchthat ~� is injective. SinceQ = Q> ≥ 0, we have that‖w‖N := (w,w)1/2
N

de�nes a semi-normon X . Moreover, since(v, w)N only dependson the samples~v = v|X0
and ~w = w|X0

we also

write, with someabuseof notation,(~v, ~w)N for the right-handsideof (16) andview (·, ·)N asa bilinear form on

the sampled functions~v and ~w.

The introductionof the bilinear form (16) enablesus to formulateboth exact andapproximatereconstructionof

the signalw, asdescribedin the following subsections.

A. Exact reconstruction

The following lemmamotivatesthe importanceof (16), relating the bilinear form on the sampledfunctionsto

the inner productin X .

Lemma 3: If ~� de�ned in (14) is injective, then

(v, w)N = (v, w)X for all v, w ∈ Xn, (17)

whereXn = span(ϕk , k = 1, . . . , n).
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Proof: Let v, w ∈ Xn. Then,with ak = (v, ϕk), bk = (w,ϕk), a = col(a1, . . . , an) andb = col(b1, . . . , bn),

thereholdsv =
P n

k=1 akϕk, w =
P n

`=1 b`ϕ` and

(v, w)X =

 
nX

k=1

akϕk,

nX

`=1

b`ϕ`

!

=
nX

k=1

akbk = a>b = ~v>
�

~� −L
� >

~� −L ~w = ~v>Q~w = (v, w)N ,

where in the fourth equality we usedthat (15) and the injectivity of ~� implies that the coef�cients a and b are

uniquelydeterminedby ~� −L~v and ~� −L ~w, respectively.

Lemma3 implies that (16) de�nes an inner producton the spaceXn whenever ~� is injective. In particular, for

v, w ∈ Xn, this meansthat (v, w)X can equivalently be evaluatedon the sampledvalues~v = v|X0
and ~w = w|X0

by employing (16). Furthermore,settingv = ϕk andw = ϕ` in (17), implies that {ϕk, k = 1, . . . , n} is also an

orthonormalbasisof Xn with respectto the inner product(16).

Now de�ne

~ak(t) = (w(t), ϕk)N , k = 1, . . . , n, t ∈ T, (18)

and let ŵn be the correspondinginterpolant(13). Using the de�nition in (18) and the result from Lemma3, the

following theoremprovidesthe condition for exact reconstructionof the signalw from its partial observations.

Theorem 4: Let X0 = {x1, . . . , xN} be a setof N distinct samples,andlet {ϕk, k ∈ I} be an orthonormalbasis

of X . Suppose~� de�ned in (14) hasrank n. If w(t) = w(·, t) ∈ Xn = span(ϕ1, . . . , ϕn) for t ∈ T, thenw can

be reconstructedexactly from its partial observations ~w = w|X0×T in that

ŵn(x, t) = w(x, t), for all x ∈ X, t ∈ T

by taking the expansioncoef�cients (18) in the interpolant(13). In particular, any signalw in the approximate

modelsBweak
n andBGalerkin

n canbe reconstructedexactly in this way.

Proof: If w(·, t) ∈ Xn thenw(x, t) =
P n

k=1 ak(t)ϕk(x) so that its samples~w(x, t) =
P n

k=1 ak(t) ~ϕk(x).

Hence,usingvectornotation,we canwrite ~w(t) = ~� a(t). By theinjectivity of ~� , a(t) is uniquelyde�ned by theleft

inversea(t) = ~� −L ~w(t), where ~� −L = ( ~� > ~�) −1 ~� >. Using the de�nition of Q, it follows that a(t) = ~� >Q~w(t)

so that, by (16), its kth entry readsak(t) = (w(t), ϕk)N . Consequently, with ~ak(t) de�ned by (18), we have

~ak(t) = ak(t) for all t ∈ T andfor all k = 1, . . . , n. But then the interpolant(13) reads

ŵn(x, t) =
nX

k=1

~ak(t)ϕk(x) =
nX

k=1

ak(t)ϕk(x) = w(x, t)

for all x ∈ X andall t ∈ T, which givesthe result.

Thus, provided that the unobserved signalw(·, t) belongsto Xn for all t ∈ T, this signal can be reconstructed

perfectly from its N samples ~w by taking the spectralcoef�cients (18) in the interpolant(13). It is important

to observe that, by (16), the coef�cients ~ak only dependon the sampledsignals ~w and ~ϕk . In particular, no

information of w other than its partial observations is necessaryto recover w from its samples.With harmonic

basis functions and equidistantsamples,Theorem4 specializesto the classicalShannonsamplingtheoremthat

hasbeenprofoundly studiedin information and samplingtheory [45], [33], [32]. Following standardengineering

terminology, the minimum value of n for which w ∈ Xn is the bandwidth of w. If no suchn exists, the signal
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is said to be non-band-limited.Theorem4 thereforeprovides a signal recovery strategy for inhomogeneously

sampledmultidimensionalsignalsthat are representedby spectralexpansionsin terms of arbitrary orthonormal

bases{ϕk}k∈I.

B. Approximate reconstruction

Of course,thereare many caseswherew(·, t) /∈ Xn for all time instancest ∈ T. For thesecases,exact signal

reconstructionfrom samples~w will not be possible.

Using the bilinearity of (16), we have that the coef�cients ~ak de�ned in (18) satisfy

~ak := (w , ϕk)N =
X

`∈I

a` (ϕ`, ϕk)N =
nX

`=1

a` (ϕ`, ϕk)N +
X

`>n

a` (ϕ`, ϕk)N =

= ak + aalias,k (19)

where

aalias,k :=
X

`>n

a` (ϕ`, ϕk)N , k = 1, . . . , n

is the kth alias coefficient. Hence,the kth coef�cient ~ak not only dependson ak but also on the higher order

expansioncoef�cients a` of w with ` > n. The alias expression (19) is well documentedfor speci�c orthonormal

basessuch as basesof trigonometricfunctions or basesconsistingof Laguerreor Chebeshev polynomials[33],

[45], [13] but is hardly ever usedfor multidimensionalsignalsexpandedthrougharbitraryorthonormalbasessuch

as the onesusedhere.

Due to the aliasexpression(19), the interpolantŵn de�ned in (13) with spectralcoef�cients (18) will in general

not be equalto w and incur an interpolationerror ‖w − ŵ‖. Using (19), we canexpressthis error as

‖w − ŵn‖
2
W = ‖w − wn + wn − ŵn‖

2
W = ‖w − wn‖

2
W + ‖wn − ŵn‖

2
W =

=
X

k>n

‖ak(t)‖2
L2(T,R) +

nX

k=1

‖aalias,k(t)‖2
L2(T,R) . (20)

Here,the �rst summationis dueto theprojection error w−wn andthesecondsummationis dueto thealias error:

ŵn(x, t) − wn(x, t) =
nX

k=1

aalias,k(t)ϕk(x). (21)

It follows that the interpolationerror is never lessthan the projectionerror andnever lessthan the aliaserror.

If exact signalreconstructionis not possible,onemay adoptan anti-aliasapproachby either increasingn, or by

usingan anti-alias�lter that forcescoef�cients a` = 0 for ` > n. In the transformdomain,the coef�cients aalias,k

dependlinearly on the coef�cients a`, ` > n. Consequently, the alias operator An : `2(I,R) → R
n de�ned by

Ana := col(aalias,k, k = 1, . . . , n) (22)

which mapsthe expansioncoef�cients a` of a given observation to its correspondingalias error coef�cients, is a

linear surjective map.Its inducednorm

‖An‖ := sup
0 6= a∈`2(I,R)

‖Ana‖

‖a‖
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is a suitablemeasurefor the alias sensitivity anddependson the truncationlevel n and,by (16), on the choiceof

theN distinct samplepoints in X0. The following theoremcharacterizesthe alias sensitivity. In the next section,

this characterizationis usedto derive a quantitative metric for selectingsamples.

Theorem 5: Let {ϕk, k ∈ I} beanorthonormalbasisof X andlet X0 = {x1, . . . , xN} bea samplesetconsisting

of N disjoint points in X. Then

1) The aliassensitivity ‖An‖ is given by ‖An‖ = λ
1/2
max (A), whereA is then×n real symmetricmatrix whose

(k, `)th entry is given by

Ak,` =
X

p>n

(ϕp, ϕk)N · (ϕp, ϕ`)N .

2) If X is �nite dimensionalandequippedwith the standardEuclideaninner product,then the aliassensitivity

is ‖An‖ = λ
1/2
max (A), whereA is the matrix

A = ( ~� > ~�) −1 − I.

Proof:

1) The aliassensitivity ‖An‖ = λ
1/2
max (A), whereA = AnA

∗
n. Hence,it suf�ces to show thatA = AnA

∗
n. The

adjointA∗
n of An : `2(I,R) → R

n is the mappingA∗
n : R

n → `2(I,R) de�ned by

(A∗
nb)(`) :=

8
><

>:

0 if 1 ≤ ` ≤ n

P n
k=1 bk (ϕ`, ϕk)N if ` > n

.

Indeed,with a ∈ `2(I,R) andb ∈ R
n thereholds

(Ana, b) =
nX

k=1

bk
X

`>n

a` (ϕ`, ϕk)N =
X

`>n

a`

nX

k=1

bk (ϕ`, ϕk)N = (a,A∗
nb) ,

wherethe �rst inner product is the standardinner product in R
n and the last inner product is the standard

inner productin `2(I,R). Consequently, if ek ande` denotethe kth and`th unit vectorsin R
n, we have that

the (k, `)th entry of then× n matrix AnA
∗
n is given by

(ek, AnA
∗
ne`) = (A∗

nek, A
∗
ne`)`2

=
X

p>n

(ϕp, ϕk)N · (ϕp, ϕ`)N .

Hence,A = AnA
∗
n asclaimed.

2) To provetheseconditem,supposethatX is �nite dimensional,sayof dimensionK, equippedwith thestandard

Euclideaninner product.Let � ∈ R
K×K be the matrix whosekth columnde�nes the kth orthonormalbasis

functionϕk of X , k = 1, . . . ,K. Furthermore,let ~� be asin (14) andde�ne ~� tail astheN × (K−n) matrix

whosekth column is the vectorof restrictions~ϕk = ϕk|X0
, n < k ≤ K. Then,using the orthonormalityof

the basis{ϕk, k = 1, . . . ,K}, we have that � >� = �� > = IK and
�

~� ~� tail

� �
~� ~� tail

� >

= IN . (23)
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Using the expressionfor A derived in the �rst part of this proof, (23) and(16), we infer that

A = ~� >Q~� tail ~� >
tailQ~� = ~� >Q

�
IN − ~� ~� >

�
Q~� =

= ~� > ~�( ~� > ~�) −2 ~�
�
IN − ~� ~� >

�
~� ( ~� > ~�) −2 ~� > ~� =

= ( ~� > ~�) −1
�

~� > ~� − ( ~� ~� >)2
�

( ~� > ~�) −1 =

= ( ~� > ~�) −1 − In.

Here,we usedin the secondequality that (23) implies ~� tail ~� >
tail = IN − ~� ~� >. This givesthe result.

C. Construction of MPE reduced-order models

In this subsection,the resultson signal reconstructionand approximationare extendedto the constructionof

reduced-ordermodelsusingmissingpoint estimations.This is a key enablerto derive reduced-ordermodelsthatare

computationallyef�cient to solve for nonlinearandtime-varyingsystems.Themainresultof thissubsectionprovides

conditionsunderwhich the reduced-ordermodelscanequivalentlybe representedthroughfunctionevaluationsthat

involve the bilinear form (16).

We considerreduced-ordermodelsof a dynamicspatial-temporalsystemB ⊂ W . Let n > 0 and supposethat

Bweak
n andBGalerkin

n are thenth ordersystemsspeci�ed in De�nition 2 with

S = Xn = span(ϕ1, . . . , ϕn).

Let X0 consistof N distinct points in the spatialdomainX. Then de�ne eBweak
n as the set of all functionswn in

Wn = L2(T,S) that satisfy

(Dtwn(t), ϕ)N = F ((wn(t), ϕ)N , . . . , (Dp
xwn(t), ϕ)N , . . .) (24)

for all ϕ ∈ S andalmostall t ∈ T. Similarly, let eBGalerkin
n be the solutionsetof all wn ∈ Wn that satisfy

(Dtwn(t), ϕ)N = (F (wn(t), . . . , Dp
xwn(t), . . .) , ϕ)N (25)

for all ϕ ∈ S and almostall t ∈ T. The evaluationof eachof the argumentsin the right-handsidesof (24) and

(25) involves,by (16), only N function evaluationsand is thereforeconsiderablyfasterthan the evaluationof the

inner productsin the right-hand-sidesof (8) and (9). In particular, solutionsto (24) or (25) requireconsiderably

lesscomputationaleffort whencomparedto solving(10) and(11). Moreover, the following resultshows that,under

mild conditions,this computationalaccelerationdoesnot incur any lossof accuracy.

Theorem 6: If n ≤ N is suchthat ~� de�ned in (14) is injective then

eBweak
n = Bweak

n .

Moreover, if B is linear then

eBweak
n = eBGalerkin

n = Bweak
n = BGalerkin

n .
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Proof: This result is an immediateconsequenceof Lemma3. Indeed,w n ∈ Bweak
n implies wn(t) ∈ S = Xn

for all t. But then,by Lemma3, the differentialequations(8) and(24) areidentical,so that the solutionsets eBweak
n

andBweak
n coincide,providedthat ~� is injective. Thesecondstatementis an immediateconsequenceof the linearity

of F in (6) and linearity of the inner productin (25).

In otherwords,undera mild conditionof injectivity of ~� thereduced-ordermodelBweak
n coincideswith thereduced-

order model eBweak
n which can equivalently be obtainedby (24). In addition, for the linear casethe reduced-order

modelsof De�nition 2, canequivalently be obtainedthrough(24) or (25).

The MPE methodthereforeyields computationallyef�cient reducedordermodelsfor both nonlinearand linear

cases.Nonlinearreducedordermodelsthatarefastto solve areparticularlyattractive for a vastrangeof engineering

applications,wherenonlinearPDEsare frequentlyemployed to describethe physicalsystems.

V. CHOICE OF SAMPLES

The questionhow to selectthe N distinct samplesX0 = {x1, . . . , xN} is of evident interest for the overall

accuracy of the reduced-ordermodel and hasnot beenaddressedso far. The choiceof suitablesensorlocations

by which the systemdynamicscanbe recoveredis a prime practicalmotivation behindthis question.This section

describesselectioncriteria to de�ne optimal choicesof sensorlocations.We proposean ef�cient heuristic opti-

mizationapproachandtwo screeningcriteria. The criteria are independentof the original modelequations,which

is importantfor numericaltractability andsimplicity of design.Indeed,for large-scalesystemsit is more feasible

to developselectioncriteria usingdataratherthanusingthemodel.Throughoutthis sectionit is assumedthatX is

�nite dimensional,say of dimensionK. X is identi�ed with R
K andequippedwith the standardEuclideaninner

product.In particular, the hypothesisof item 2 of Theorem5 appliesthroughoutthis section.

A. Optimization of the point selection

In (20) it has beenshown that the estimationerror ‖w − ŵn‖W , obtainedfrom the interpolationof a partial

observation on the grid X0, can be representedas the norm of the projection error w − wn and the alias error

ŵn −wn. The inducednorm of the aliassensitivity An, ascharacterizedin Theorem5, obviously dependson the

choiceof N distinct pointsX0, simply becausethe bilinear form (3) dependson the samplepointsX0. Let

e′n(X0) := ‖An‖
2 (26)

expressthis dependence.

Using the assumptionson X we have, by item 2 of Theorem5,

e′n(X0) = ‖ ( ~� > ~�) −1 − I ‖ (27)

so that the minimization of e′n(X0) over all subsetsX0 ⊂ X of cardinalityN amountsto selectingX0 in sucha

way that‖ ( ~� > ~�) −1 − I ‖ is minimal. The relationexpressedin (27) implies that thecloser ~� > ~� is to the identity

matrix, thesmallerthesensitivity of thealiasingerror, asthe gain from theneglectedPOD modesto thealiaserror

is small.
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This result is analogousto well-known resultsin the literatureof experimentaldesign[11],[16],[19] wherean

optimal selectionof N factorsout of K experimentsneedsto be made.The searchfor N factors is done by

maximizing a particular information matrix. Similar to what we have derived in SectionIV, maximizationof the

information matrix also amountsto preservingthe orthogonalityof the information matrix whenN factorsare

chosen.In SectionIV, we introduceda bilinear form to arrive at a similar result.

If e′n(X0) ≤ γ for someupperboundγ > 0, then ( ~� > ~�) −1 − I ≤ γI from which we infer (after pre- and

post-multiplyingby ( ~� > ~�) 1/2 andusing that ~� > ~� ≤ I) that also

I − ~� > ~� ≤ γI.

To avoid computingthe inversein (27), we will insteadminimize the criterion

en(X0) = ‖ I − ~� > ~� ‖ (28)

over all subsetsX0 of cardinalityN . In particular, the above reasoningshows that en(X0) ≤ e′n(X0). As matrix

norm, we considerthe Frobeniusnorm

‖ X ‖2:=
nX

i=1

nX

j=1

|Xij |
2. (29)

Selectionof X0 soasto minimizeen(X0) is a combinatorialoptimizationproblem,which is generallynot a very

appealingoptimizationstrategy for large-scalesystems.In this paperwe employ a non-combinatorialsuboptimal

approachto constructX0, using the greedy algorithm. This algorithm is also implementedin [44] to characterize

suitablesensorlocations.Given a currentsubsetof pointsX0, the greedyalgorithmaddsa point to X0 by looping

over all possiblecandidatepoints, computingthe restrictedbasis ~� that would result if the candidatepoint were

addedto X0, andevaluatingthe conditionnumberc( ~� > ~�) de�ned by

c( ~� > ~�) :=
λmax ( ~� > ~�)

λmin ( ~� > ~�)
. (30)

The point that yields the lowestvalueof c( ~� > ~�) is thenaddedto X0, andthe processis repeated.In this way, the

subsetX0 is constructedby choosingonepoint at a time. The algorithmis terminatedwhenc( ~� > ~�) ≤ ctol, where

ctol > 0 is a userde�ned conditionnumber, typically chosento be well below 100 [26], [28]. The resultingsample

setX0 will not minimize en(X0), but the searchmechanismis ef�cient.

Algorithm 7: The greedyalgorithm

Input a (possiblyempty) set X0
0 ⊂ X of N0 pre-selectedpoints,a thresholdctol > 0 for the condition number,

anda setY ⊆ X of K0 candidatepoints.Set j = 0.

1) Repeatthe following stepsuntil c
�

~� >(Xj
0) ~�( X

j
0)

�
≤ ctol or until j = K0.

• Set j = j + 1.

• For all xkg ∈ Y\X
j−1
0 , determine

cg = c
�

~� >(Xg) ~�( Xg)
�
,

whereXg = X
j−1
0 ∪ {xkg } andg = 1, . . . ,K0 − j + 1.
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• Find the index g∗ for which cg∗ ≤ cg for all 1 ≤ g ≤ K0 − j + 1.

• SetXj
0 = X

j−1
0 ∪ {xkg∗

}. ThenX
j
0 consistsof N0 + j points.

2) OutputX0 = X
j
0 is a setof N = N0 + j samplepoints.

For very largesystems,it may be computationallyexpensive to considerall pointsin thehigh-dimensionalspace

X ascandidatepoints.In this case,a screeningcriterion may be appliedto �rst selecta subsetof samplepointsY,

to which the greedyalgorithmis applied.This criterion could alsobe usedfor selectingthe initial samplesetX0
0.

B. Point screening criteria

The �rst point screeningcriterion ordersthe pointsasxk1
, . . . , xkK 0

accordingto the quantityen suchthat

en(xk1
) ≤ en(xk2

) ≤ · · · ≤ en(xkK 0
). (31)

This criterion is motivatedby the desireto minimize the alias sensitivity ‖An‖ over all selectionsof N distinct

rows in (14).

A secondscreeningcriterion,which incorporatesthe relationshipwith the collectedsnapshotdata,considersthe

ensembleof projectedsignalswn(t) ∈ R
K wheret ∈ T andsets

Wn :=
�

wn(t1) · · · wn(tM )
�
.

Let � X0
denotethe canonicalprojectionfrom X = R

K to X0 = R
N , and de�ne, for all time instantst ∈ T, the

projections�wn(t) = � X0
wn(t). Set

Wn :=
�

�wn(t1) · · · �wn(tM )
�
.

The secondscreeningcriterion measuresthe differencebetweenthe time correlationmatrix W >
n Wn constructed

from the ensemble{wn(tj), j = 1, . . . ,M} and the correlationmatrix W
>

nWn built from the restrictedensemble

{ �wn(tj), j = 1, . . . ,M}. The differenceis measuredby ên(X0) de�ned as

ên(X0) = ‖W>
n Wn −W

>

nWn ‖ . (32)

The points in X arereorderedasxk1
, . . . , xkK suchthat

ên(xk1
) ≤ ên(xk2

) ≤ · · · ≤ ên(xkK ). (33)

Using either (31) or (33) the �rst K0 points{xk1
, . . . , xkK 0

} are includedin the setof candidatepointsY, which

are then input to the greedyalgorithm.

VI . APPLICATION

A. Glass Melt Feeder Application

Themissingpoint estimationapproachis implementedon a numericalmodelof a glassmelt feeder. A glassmelt

feeder, shown in the schematicFigure 1, is the sectionof a glassfurnacethat is locatedbetweenthe re�ner and
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the glassmelt exit point. The feederis fed by incomingglassmelt from a reactor. The rate of glassmelt �o w is

measuredin tons/dayand is known in the glassindustryas the pull rate.

Glassquality is highly sensitive to variationsin glasscompositionandenergy transferin thefurnaceandthefeeder.

Thecontrolof glassquality speci�cationspredominantlyinvolvestheconcisetrackingof a non-uniformtemperature

distribution within a speci�ed range.Non-concisetracking of temperaturewill producedefective glassproducts,

suchasirregular shapes,cracks,or bubbles[7]. The actuatorsin a glassfeederarethe temperaturedistributionsof

the so-calledcrown, which is a combustionchamberabove the glassmelt. Several temperaturesensorsareplaced

in the glassmelt and the measurementsare fed back to controllersto adjustthe crown temperature.The crown is

divided into several zones;the temperaturedistribution in eachzoneis adjustedto reachthe desiredtemperature

pro�les in the glassfeeder.

Fig. 1. Schematicview of a glassfeeder, the glassmelt is enteringthe feederfrom the left side and at the right end is discharged as glass

gob to the forming machine.

Until now, the glassindustryhasmainly usedconventionalPID controllers.Fast (100 to 1000times fasterthan

real time), accurate(absoluteerrorsin the rangeof 0.2 degrees)simulationmodelsprovide an opportunityto use

moresophisticated,model-basedprocesscontrol.

A CFD modelis usedfor high-�delity predictive simulationsof the glassmelt �o w andtemperaturedistribution

in the feeder. In general,the �o w can be consideredto be incompressibleand laminar. The �o w is governedby

the Navier-Stokesequations,which describethe pressure�eld p andthe velocity �eld (vx, vy, vz) in thex, y andz

directions,respectively, andthe energy equationsfor the temperature�eld w [9]. In this application,w(x, t) refers

to the temperature of the melt at positionx = (x, y, z) ∈ X in the feederandat time t ∈ T.

The governingequationof heattransferin the glassfeederis given by

∂ρcpw

∂t
= − div(ρcpwv)

| {z }
convective heat transfer

+ div(κ gradw)
| {z }

conductive heat transfer

+ q,
|{z}

external energy sources

(34)

which is a PDE of the form (6).

Most physicalparametersof the glassmelt are functionsof temperature.In Table I, the temperature-dependent

parametersof a speci�c greencontainerglassare listed (the temperatureis in Kelvin).

To solve theequationsnumericallyover thespatialdomainX anda �nite time domainT, thefeederis discretized

as shown in Figure 2, using a total of 7128 grid points. The model (34) is discretizedin spaceusing the �nite
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TABLE I

TEMPERATURE DEPENDENT PHYSICAL PARAMETERS.

Densityρ [kg/m3] [39] ρ(w) = 2540 − 0.14w

Viscosityµ(w) (Ns/m2) [7] µ(w) = 10� 2:592 + 4242:904
w � 541:8413

Speci�c Heatcp (w) (J/kgK) [7] cp = 221 + 0.0956w

Thermalconductivity κ (W/m.K) [39] κ(w) = 0.527 + 0.001w + 2.67 × 109w3

volumemethod[43], in which thegoverningPDE(34) is integratedfor every grid cell. Speci�cally, thetemperature

w at a grid point P anda time instanttk is denotedby wP (k) andgiven by the discreteevolution equation

aP (k)wP (k) = aW (k)wW (k) + aE(k)wW (k) + aS(k)wS(k) + aN (k)wN (k)

+ aB(k)wB(k) + aT (k)wT (k) + a0
P (k)wP (k − 1) + Sg(k)u(k − 1) (35)

wherewW , wE , wN , wS , wT , wB denotethetemperatureat thewestern,eastern,northern,southern,top,andbottom

neighboringgrid points, respectively. The input u(k) ∈ R
nu comprisesnu external sourcessuch as the crown

temperature,electrical boostings,heaters,and the terms where boundaryconditions (such as inlet and outlet

temperatures)areimposed.Thecontribution from theinput to thedynamicsof wP (k) is denotedasSg(k) ∈ R
1×nu .

The termsaP , a
0
P , aW , aE, aS , aN , aT , aS ,Sg ∈ R

1×nu aregenerallytime varying due to the dependenciesof the

physicalparameterson the temperature.

Writing (35) for 7128grid pointsyields the following nonlinearsetof equations

A (w(k + 1))w(k + 1) = A 0(w(k + 1))w(k) + B (w(k + 1))u(k) (36)

wherew(k + 1) is the vectorcontainingthe unknown temperaturevaluesat time tk+1 .

At grid points on the domain boundary, the temperatureis speci�ed using Dirichlet or Neumannboundary

conditions.The temperatureat theseboundarypointsbelongsto the input termsu(k) in (36); they do not belong

to the variablesto be solved. For this application,the numberof non-boundarypoints is 3800. In addition, we

exploit symmetryin the z direction and only considerhalf of the meshpoints de�ned in the feeder; therefore,

w(k) ∈ R
1900 andK = 1900.

B. Complexity Analysis

In CFD and many other applications,the nonlinearsystem(36) is typically solved in an iterative manner. A

numberhiter of inner iterations(in our case100) is appliedto advancefrom time tk to tk+1 . Eachinner iteration

steptakes the form

A (wh
k+1 )wh+1

k+1 = A 0(wh
k+1 )w(k) + B (wh

k+1 )u(k), h = 0, . . . , hiter (37)

whereh is the inner iterationindex andw h
k+1 is the approximationof w(k + 1) at thehth iteration.Eachiteration

is initialized with w 0
k+1 = w(k) andis terminatedwheneitherthedifference(w h+1

k+1 −wh
k+1 ) is smallerthansome

speci�ed toleranceor whenh = hiter.
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 Fig. 2. Geometryandgrid cells of the feederchannel.The Cartesiancoordinateorientationis denotedby the x for length,y for height,and

z for width. The entranceof the feeder(which is connectedto the working end)startsfrom the left part and the outlet of the feeder/thespout

is on the rightmostpart.

Solution of the nonlinearsystemat eachtime stepthereforerequiressolving a sequenceof linear problemsin

the unknown w h+1
k+1 asgiven by (37), which canbe castasa linear parametervarying (LPV) system.Refer to [34]

and [43] for moredetailson the implementationfor this particularapplication.

The total computationalcostof solving the full modelcanbe classi�ed accordingto the following threesources:

1) computingthe coef�cients of A ,A 0 andB at every iterationwithin eachtimestep

2) solving (37) at every iteration within each timestep,using, for example, LU decompositionor conjugate

gradientmethod;

3) otheroverheadcost,suchas the time neededfor initialization, etc.

Using a projectionframework (e.g. standardPOD) to derive the reducedmodel resultsin a reduced-orderLPV

system,which must be constructedand solved at every iteration within eachtimestep.As for the full model, the

large-scalematricesA , A 0 andB muststill becomputed.In addition,theinnerproducts� >A � , � >A 0� and� >B

must be computedat eachiteration.The complexity of computingtheseinner productsis, respectively, O(pA K),

O(pA 0
K) andO(K), wherepA andpA 0

arethe numberof non-zeroentriesin eachrow of the sparsematricesA

andA 0. The computationalcostof solving the resultingnth-orderlinear systemis very small, sincen is typically

small; this is wheresomesavings areachieved relative to the full-order system.

ImplementingtheMPEapproachresultsin savingsin thecomputationof thelarge-scalematricesandthenecessary

inner products.Speci�cally, if MPE is appliedover N < K spatialgrid points, then only the correspondingN

rows and columnsof A , A 0 and B must be computed.In addition, the necessaryinner productswith the basis

vectorscanbe computedwith complexity O(pA N ), O(pA 0
N ) andO(N ).

A comparisonof therelative computationalcomplexity of thethreeapproachesis givenin TableII. It canbeseen

that the MPE approachreducesthe cost associatedwith computingthe matrix coef�cients and the inner products

by a factor of N/K relative to the standardprojection method.This meansthat the computationalacceleration

that canbe achieved using the MPE approachover standardprojectionis directly proportionalto the reductionin

the dimensionof X0. Obviously, the magnitudeof this reductionthat can be achieved without signi�cant loss of
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accuracy is problemdependent.

TABLE II

RELATIVE COMPUTATIONAL COMPLEXITY OF SOLVING FULL-ORDER, STANDARD REDUCED-ORDER, AND MPE MODELS FOR EACH

ITERATION STEP. C1 , C2 AND C3 DENOTE COMPUTATIONAL COST ASSOCIATED WITH COMPUTING THE MATRIX COEFFICIENTS, SOLVING

THE LINEAR SYSTEM, AND THE OVERHEAD COST FOR THE LARGE-SCALE SYSTEM.

Sourcesof computational cost Full-order model Standard projection method MPE

Computingthe matrix coef�cients C1 C1 (N/K)C1

Computingprojectioninner products 0 O(pAK + pA0
K + K) O(pAN + pA0

N + N)

Solving the linear system C2 O(n3) O(n3)

Overheadcost C3 C3 C3

However, for applicationsin which the dimensionof the reducedbasisis small, it is reasonableto expectthat a

signi�cant reductionin the dimensionof X0 can be achieved. In many applicationsfor which model reductionis

effective, the basisvectorsare relatively smoothin space,which meansthat selective spatialsamplingshouldbe

effective. In addition,asthe dimensionof the full-order stateincreases,often the requirednumberof basisvectors

remainssmall [26]. If this is the case,then the savings achieved usingMPE will scaleto very large systems.

C. Reduced-Order Models

We will simulatethe processin a transitionof glasscolor speci�cation from greento �int (transparent)glass.

This color transition is a highly nonlinearprocessduring which the heatconductivity will changeby a factor of

eight.Thenominaldistribution of thecrown temperatureandthevariationsfrom thenominaltemperaturefor every

zoneare depictedin Figure 3. A POD reduced-ordermodel and correspondingaccelerationby the MPE method
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Fig. 3. The nominalcrown temperaturepro�le (left), the variationsfrom the nominal temperaturein every zone(right)

areappliedto describethe color changeprocessin the glassfeeder. In this particularexample,the reducedmodels

arederived by employing the Galerkinmethod.
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The POD basisis derived from temperaturesimulationdatacollectedeachminute over M = 112 minutesand

containedin thesnapshotmatrixWsnap =
�

w(t1) · · · w(t112)
�

. ThePODbasisvectors,{ϕk, k = 1, . . . , 3800},

arethenfoundastheeigenvectorsof thecorrelationmatrixCw = 1
112WsnapW

>
snap. Theeigenspectrumof thesnapshot

correlationmatrix is depictedin Figure 4. EighteenPOD basis functions correspondingto the n = 18 largest
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Fig. 4. The POD eigenvalue spectrumcorrespondingto 112 snapshotscollectedduring simulationof a color change.

eigenvaluesarechosento constructthe POD reduced-ordermodel,BGalerkin
18 , asde�ned in (10), which is calculated

usingXn = S = span{ϕi}
18
i=1 as the projectionspace.Figure 5 shows the comparisonbetweenthe resultsof the

POD reduced-ordermodel and the original model at two measurementpoints.From Figure5, it can be seenthat

the reduced-ordermodelcapturesthe dynamicsof the original modelwell.
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Fig. 5. POD-basedreduced-ordermodelandoriginal temperaturepro�les during the color changeprocessat two measurementpoints.

D. Application of MPE to the glass melt feeder

Theorderof thereducedmodelis morethan200timeslower thantheoriginal model;however, thecomputational

time neededto solve the temperaturedistribution is only enhancedby a factor of 2.2. The lack of computational
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ef�ciency for this time-varying systemis due to the fact that the reduced-ordermodel requiresprojectingthe full

modelequationsonto the spanof a low numberof POD basisfunctions.The CFD matricesA (k),A 0(k),B (_k) in

(37) must be constantlyupdatedto accommodatethe varying physicalparameters,suchas the density, viscosity,

andheatconductivity.

To acceleratethe computation,the MPE methodis implementedby selectingsamplepoints in X0 ⊂ X. The

MPE methodyields reduced-ordermodels ~BGalerkin
18 as de�ned in (25), whereX0 is determinedfrom the selection

criteria describedin SectionV.

An importantimplementationpoint is that, in the MPE reduced-ordermodels,the boundaryconditionsmustbe

satis�ed and the setof excitation signalsde�ned by the crown temperaturemustbe incorporated.To achieve this,

all pointsthatareadjacentto theboundarycellshave beenincludedin X0. In thecaseof thefeedermodel,thereare

N0 = 265 points that areadjacentto the boundarycells wherecrown temperature,inlet temperature,inlet velocity

arede�ned. Thesepointsareconsideredas“obligatory points”. The locationsof thesepointsde�ne thepre-selected

maskX
0
0 in Algorithm 7.

Bothscreeningcriteriawereimplementedto determineareducedsetof 1635candidatepointsY = {x1, . . . , x1635}

that remainafter theN0 = 265 boundarypoints have beenincludedin the selection.The quantitiese18(xk) and

ê18(xk) arecalculatedfor all candidatepointsxk ∈ X. After e18(xk) (screeningcriterion 1) and ê18(xk)(screening

criterion 2) arecalculatedfor every point, the valuesareorderedasin (31) and(33). Plotsof the orderede18(xkj )

and ê18(xkj ), j = 1, . . . , 1635areshown in Figure6. Although the absolutedifferencesin magnitudesof e18(xkj )
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Fig. 6. The orderedex k (left) and êx k (right) basedon MPE point screeningcriteria.

and ê18(xkj ) for thedifferentpointsaresmall, the relative variationsareimportantfor differentiatingamongstates.

For example, supposethat we would like to constructa reduced-ordermodel with 1000 points. The condition

numberof ~� > ~� constructedfrom the 1000 points with lowest e18(xkj ) is 19.1, while the condition numberof

~� > ~� constructedfrom the1000pointswith higheste18(xkj ) is 3189.9.A low conditionnumberof ~� > ~� (lessthan

100) is requiredto usethe reduced-ordermodel for predictingdifferentscenarios;otherwise,the predictionresults

can be very sensitive to any small perturbations.Inspectionof Figure 6 for the secondscreeningcriterion shows
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a cut-off after 1400points.The conditionnumberof ~� > ~� constructedby the 1400pointswith lowest ê18(xkj ) is

18.52,while the conditionnumberof ~� > ~� constructedby the 1400pointswith highestê18(xkj ) is 216.3.Hence,

it canbe seenthat both screeningcriteria help to separatethe lessrelevant points from the relevant ones.

For this example,thesecondscreeningcriterion tendsto choosepointsthatarespatiallyclustered.This is dueto

the fact that in this screeningcriterion, the POD basisis weightedby the coef�cients obtainedfrom the projection

of the snapshotdata.The criterion thereforetendsto groupstates(andcorrespondinggrid points)that have similar

temperaturevariations,which, dueto the dominantdiffusive natureof the heattransferprocessesin the glassmelt

feeder, translatesdirectly into a groupingof points that areclosely locatedin space.Selectionof many points that

arecloseto eachother leadsto a poor conditioningof the spatially restrictedbasis.

Two reduced-ordermodelsareconstructedby the MPE method.The greedyalgorithm(Algorithm 7) is applied

to improve the conditionnumberof the restrictedbasisinner productandreducethe numberof pointsselectedby

eachscreeningcriteria to 200.After addingthe obligatoryboundarypoints,a total of 465 pointsareusedfor each

MPE model.Figure7 shows the selectedspatialsamplesfor eachMPE modelasgrey grid cells.
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Fig. 7. Selectedspatial samplesin grey cells at one crosssectionof the feeder. The grey cells are found after implementingthe greedy

algorithmon pointsselectedby screeningcriterion 1 (left) andscreeningcriterion 2 (right).

Comparisonsbetweenthe original and the reduced-ordermodelsconstructedby the MPE methodareshown in

Figure 8 at two locationson the glasssurface.The simulatedconditionsare the sameas the conditionsapplied

during the snapshotcollection. From Figure 8, it is evident that the reducedmodelsbuilt by the MPE method

adequatelyreconstructthe dynamicsof the original model.The deviation from the original model is quanti�ed by

the maximumabsoluteerror averageεmax, calculatedas

εmax = max
x∈X

1
Nt

X

t∈T

‖ w(x, t)
| {z }

original model

− ŵ(x, t)
| {z }

reduced model

‖, (38)

whereNt is the numberof time samples.The maximumabsoluteerror for both reduced-ordermodelsconstructed

by the MPE methodis lessthan0.18K, which is about0.1K higherthanthe maximumabsoluteerror for reduced-

ordermodelsconstructedby the conventionalPOD method.The additionalerror is consideredinsigni�cant, asthis

error level is still very muchbelow the maximumtemperaturevariations,which is about12K.
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Fig. 8. Comparisonsbetweenthe original modelandreduced-ordermodelsconstructedby the MPE method.The simulatedconditionsarethe

sameasthe conditionsappliedduring the snapshotcollection.

For a more challengingassessmentof the POD-MPEmodel quality, the modelsare validatedby exciting the

systemwith crown temperaturevariationsthat were not consideredas part of the snapshotset. In this case,all

crown temperaturezonesaresubjectedto randomvariationsfrom the nominal temperaturedistribution, distributed

between0 and5K. The randomvariationsareshown in Figure9.
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Fig. 9. The randomvariationsfrom the nominaldistribution of the crown temperature,appliedto all four zonesof the crown.

The responsesof two measuredlocationson the glassmelt surface when subjectedto the randomexcitation

signalsare plotted in Figure 10. Both reduced-ordermodelsperform quite well underdifferentexcitation signals.

Both reduced-ordermodelshave a maximumabsoluteerroraverageof εmax < 1K, a level of deviation that is within

the 10% relative accuracy requirement,and thus is acceptable.

Figure 10 shows that the MPE model constructedfrom the implementationof the greedyalgorithm on points

screenedby the�rst screeningcriterionis betterfor handlinglargetemperaturevariations(morethan10K) while the

oneconstructedfrom the pointsscreenedby the secondscreeningcriterion is moreaccuratewhenthe temperature

variationis small (about4K). As explainedpreviously, in this examplethesecondscreeningcriteriontendsto group
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Fig. 10. The comparisonsbetweenthe original modeland reducedmodelsbuilt by the MPE methodunderrandomexcitation asdepictedin

Figure9. The MPE modelconstructedfrom pointsprescreenedby screeningcriterion 1 handleslarge temperaturevariationsbetter(left), while

the other is moreaccuratefor small temperaturevariations(right).

pointsthat have similar temperaturevariations.It canbe seenfrom Figure7 that in someregionsof the feeder, the

implementationof the greedyalgorithmon the pointsscreenedby this criterion result in a moreclusteredgroupof

pointscomparedto thoseusing the �rst screeningcriterion.

TableIII summarizesthesimulationresultsusingPODmodelsandMPEmodelsfor thecaseof randomexcitations

and shows the substantialcomputationalgainsthat can be madeusing the MPE approach.The resultingaverage

absoluteerrors for each screeningcriterion are similar, as the condition numbersof the restrictedbasis inner

productsare also similar betweenthe two criteria. The computationalgain of the reduced-ordermodelsbuilt by

TABLE III

COMPARISON BETWEEN POD AND MPE MODELS FOR RANDOM EXCITATIONS.

Model Maximum Absolute Condition number Computational

Type Average Err or c(H) = c(Φ̃> Φ̃) Gain

POD (1900points,symmetriccase) 0.081 K 1 226%

(the sameexcitation signals)

MPE, optimizedby greedy, screeningcriterion 1 (465 points) 0.13 K 4.637 754%

(the sameexcitation signals)

MPE, optimizedby greedy, screeningcriterion 1 (465 points) 0.97 K 4.637 754%

(validation by randomexcitation signals)

MPE, optimizedby greedy, screeningcriterion 2 (465 points) 0.175 K 4.531 754%

(the sameexcitation signals)

MPE, optimizedby greedy, screeningcriterion 2 (465 points) 0.90 K 4.531 754%

(validation by randomexcitation signals)

MPE correspondsto 8.5 times fasterthan real time. The computationis performedon a 2.8 GHz processorwith

512 MB RAM. The achievablecomputationalgain dependson several factors,suchas the solutionmethodsused
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to simulatethe original model,the convergencecriterion, and the algorithmicstructureof the original model.

ThecomputationalgainsachievedusingtheMPE approachmaynot seemsuf�ciently high to achieve thegoalof

real-timemodel-basedcontrol;however, in this paper, we only considerreduced-ordermodelingof the temperature,

while thevariablesgoverningthe�uid �o w arestill solvedby theoriginal model.If thesameapproachwereapplied

to othervariables,thenan accelerationof 25 to 30 timesfasterthanreal time on a singleprocessoris feasible.This

would be a major breakthroughfor the implementationof nonlinear, large-scalemodelsin online control design,

online tuning, andprocessmonitoring.

VI I . CONCLUSIONS

We have proposeda methodologyto derivecomputationallyef�cient, reduced-ordermodelsfor parameter-varying

systems,suchas thoseobtainedfrom the discretizationof nonlinearPDEs.Conventionalprojection-basedmodel

reduction techniquesdo not generallyyield models that are ef�cient to simulate,since the original high-order

modelmustbe computedandthe projectioncarriedout at eachtimestep.In this paper, computationalacceleration

is achievedusinga formal modi�cation of the properorthogonaldecompositionmethodthat selectsa subsetof the

spatialdomainover which to representthe dynamicsof the original system.A heuristicoptimizationprocedure,

combinedwith two quantitative screeningcriteria, is proposedto selecta suitablesubsetof grid points or state

variables.The approachdescribedin this paperis applicableto otherprojection-basedmodelreductiontechniques,

suchasbalancedtruncation.Demonstrationof the approachon a nonlinearCFD exampleshows that large gainsin

ef�ciency of the reduced-ordermodelscanbe obtainedwhile retainingthe nonlinearcharacteristicsof the original

system.
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