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ABSTRACT
Blade-to-blade variations can significantly impact the oper-

ation of bladed disks. In this paper, a method is presented for as-
sessing the effects of these variations using a high-fidelity aero-
dynamic analysis. Systematic model reduction is applied to a
high-order computational fluid dynamics code using the proper
orthogonal decomposition technique. This results in a low-order
model suitable for time domain computations of mistuning ef-
fects. The model is shown to capture the dynamics of the aeroe-
lastic system more accurately than with a traditional influence
coefficient approach. Results are presented for a bladed disk
with structural uncertainty, where the blade frequencies exhibit
random variations about a nominal state. Finally, the concept of
a robust design is explored, in which intentional variation is in-
troduced to the system in an attempt to alleviate the ill-effects of
random variations. The approach can also be extended to con-
sider aerodynamic uncertainty, which may arise from geometric
variations.

INTRODUCTION
In typical analyses of bladed disks, the problem is assumed

to be tuned, that is all blades are assumed to have identical ge-
ometries, mass and stiffness characteristics. In reality, both the
manufacturing process and engine wear create a situation where
the blades differ slightly from one another. These blade-to-blade
variations are known as mistuning. Even a small amount of mis-
tuning can lead to a large asymmetric forced response (Dye and
Henry, 1969). Mode shapes may become spatially localized,

causing a single blade to experience deflections much larger than
those predicted by a tuned analysis (Wei and Pierre, 1988a,b).
Since forced response essentially determines high cycle fatigue
or blade life, it is crucial to understand how mistuning affects the
response.

It has also been shown that mistuning can increase the stabil-
ity margin of a compressor (Kaza and Kielb, 1982), thus suggest-
ing intentional mistuning as a form of passive control for flutter.
The mistuning problem has been cast as a constrained optimiza-
tion problem (Crawley and Hall, 1985; Shapiro, 1999) in which
a deliberate mistuning pattern is chosen so as to maximize the
stability margin of a blade row. From forced response consider-
ations, the ideal state would be to have a perfectly tuned bladed
disk. However there will always be some degree of random mis-
tuning present due to limitations in the manufacturing process or
due to engine wear. One can choose some intentional mistuning
pattern so as to minimize the effect of these random variations.
This idea of robust design has been discussed by several authors,
including Castanier and Pierre (1998) and Shapiro (1998). The
intentional mistuning is chosen so that the worst case forced re-
sponse due to random variations about the intentionally mistuned
design point is more acceptable than the worst case forced re-
sponse due to random variations about the tuned design point.

Wei and Pierre (1988b) and Ottarsson and Pierre (1995)
determined that moderately weak interblade coupling was re-
quired for the occurrence of significant forced response ampli-
tude increases. Kruse and Pierre (1996a) consider two sources
of interblade coupling: aerodynamic coupling and disk struc-
tural coupling. Aerodynamic coupling was found to be a signifi-
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cant factor, increasing the vibratory stress levels by 70% over the
tuned response. Kenyon and Rabe (1998) measured the response
of an integrally bladed disk to inlet forcing, and compared the
results to those predicted using a computational model. It was
concluded that the response was strongly influenced by aerody-
namic loading.

In all of these studies, the aerodynamic coupling was rep-
resented in the form of unsteady aerodynamic influence coef-
ficients calculated at a single condition using a computational
fluid dynamic (CFD) model. Kenyon and Rabe (1998) found
that in their case the response was dominated by aerodynamic
phenomena not effectively captured by the model, which led to
an inaccurate prediction of the rotor response. It was concluded
that more consideration must be given to the role of aerodynamic
coupling in mistuned bladed disks. When mistuning is present,
the discrete spatial modes present in the system do not decouple,
and a much greater degree of aerodynamic coupling is observed.
It is therefore not surprising that influence coefficients derived at
a specific flow condition do not accurately capture the important
dynamics.

Analysis of uncertainty in bladed disks is clearly an appli-
cation that requires the use of more sophisticated aerodynamic
models, although the need for computational efficiency is even
more stringent due to the lack of cyclic symmetry in the prob-
lem. Any analysis (both structural and aerodynamic) must con-
sider the full bladed disk, a prohibitively expensive proposi-
tion for conventional high-fidelity models such as computational
fluid dynamic (CFD) methods or finite element methods (FEM).
Model order reduction is a technique in which low-order models
are derived from high-fidelity computational tools such as CFD
or FEM. The derivation is done by systematically extracting the
dynamics important for the specific problem of interest. This re-
sults in models that replicate high-fidelity results, but which have
many fewer states.

Reduced-order structural models have been developed di-
rectly from finite element structural models (Ottarsson et al.,
1994). These reduced-order models have been used to investi-
gate the forced response of mistuned bladed disks and to exam-
ine the physical mechanisms associated with mistuning (Kruse
and Pierre, 1996b). Reduced-order aerodynamic models have
also been derived for analysis of bladed disks (Hall et al., 1994;
Florea et al., 1996; Willcox et al., 2000; Epureanu et al., 2000,
2001; Dowell and Hall, 2001). These models allow the entire
bladed disk to be considered with a reasonable number of states,
typically on the order of ten states per blade passage for two-
dimensional aeroelastic applications. The reduced-order aerody-
namic models are also valid over a range of frequencies, thus cap-
turing the important dynamics even when a significant amount of
aerodynamic coupling exists.

Here, we consider a simple structural model coupled with
a high-fidelity, reduced-order aerodynamic model. The aero-
dynamic model is derived from a CFD model of the two-

dimensional Euler equations by using the proper orthogonal de-
composition to systematically extract important dynamics. In
this paper, the aeroelastic model is briefly described, then results
are presented for analysis of a two-dimensional, transonic cas-
cade in the presence of structural mistuning. The forced response
and stability margin of this cascade are analyzed in the presence
of random mistuning, and the results are compared to analysis
using a traditional aerodynamic influence coefficient model. An
example using intentional mistuning for robust design is also pre-
sented.

AEROELASTIC MODEL
Consider a general aeroelastic model of a bladed disk, which

is written as

dw
dt

+ f (w;x) = 0: (1)

Here w is a vector containing all the aerodynamic and structural
states for the system and x represents the problem geometry. The
aeroelastic model comprises two separate, yet coupled, compo-
nents: the aerodynamic model and the structural dynamic model.
Each of these can be derived using a multitude of methods with
varying levels of fidelity. Here we present details for one partic-
ular set of models, although the methodology described applies
in the general case.

For the aerodynamics we consider a CFD model of the two-
dimensional Euler equations. Upon discretization of the govern-
ing equations, the aerodynamic model can be written as

dU
dt

+R(U;Ub;x) = 0; (2)

where U is the aerodynamic state vector containing the unknown
flow quantities at each point in the computational domain. The
vector R contains the nonlinear flux contributions at each node,
which also depend on the problem geometry, x, and the pre-
scribed flow quantities at the domain boundaries, Ub.

Similarly, we require a model that describes the structural
dynamics of the bladed disk. We consider here a simple two
degree of freedom model in which each blade can move rigidly
in pitch, α, and plunge, h. The governing structural equations for
each blade are therefore given by

Miq̈i +Ciq̇i +Kiqi = Li (3)

where qi contains the rigid displacements for blade i:

qi = [hi αi]
T ; (4)
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and Mi, Ci and Ki are the non-dimensional mass, damping and
stiffness matrices for each blade i. These are given by the fol-
lowing well established relations:

Mi =

�
1 xα
xα r2

α

�
i

(5)

Ci =

"
2kMζ 0

0 2kMζ
�

ωh
ωα

�
rα

#
i

(6)

Ki =

"
k2M2 0

0 k2M2
�

ωh
ωα

�2
r2
α

#
i

: (7)

Here ωh and ωα are the uncoupled natural frequencies of the
blade in plunge and pitch respectively, ζ is the structural damp-
ing coefficient, xα is the non-dimensional distance of the center
of gravity from the elastic axis, and rα is the radius of gyration
about the elastic axis. The reduced frequency is defined in terms
of the plunge natural frequency, k = ωhc

V , and the load vector for
each blade is

Li =
2M2

πµ

�
�Ci

l
Ci

m

�
; (8)

where Ci
l is the lift coefficient for blade i and Ci

m is the moment
coefficient about the aerodynamic center, which is located a dis-
tance a chord lengths in front of the elastic axis. M is the inlet
Mach number and µ is the blade mass ratio. By using the iden-

tities
dh j
dt = ḣ j and

dα j
dt = α̇ j, the structural system (3) can be

written as a first order system as follows

dui

dt
= Siui +Tiyi; (9)

where ui = [qi q̇i]
T contains the structural states for blade i,

yi contains the aerodynamic force and moment coefficients for
blade i, and the matrices Si and Ti follow from (3).

For this rigid structural model, the disk geometry x can be
written in terms of the plunge displacement hi and the pitch dis-
placement α i. For a disk with r blades, we write

x = x(q); (10)

where qT = [qT
1 qT

2 : : :qT
r ]. The rigid body displacements affect

the aerodynamics via the boundary conditions, which are spec-
ified in the vector Ub. We will also consider an external flow
disturbance, which could, for example, be due to a neighboring
blade row. Given blade motion q and external disturbance d, U b

can be written

Ub = Up (q; q̇;d;x) ; (11)

where Up is a vector containing the appropriate prescribed quan-
tities.

Assuming all motions and disturbances are small, the gov-
erning aerodynamic equations (2) can be linearized as described
in Willcox et al. (2000). The resulting aerodynamic system is
written as

dU0

dt
= AU0+Bu+Ed (12)

where U0 contains the perturbation flow quantities and the matri-
ces A, B and E contain the appropriate linearization terms, which
are all evaluated at steady-state conditions. Equation (12) shows
how the structural state vector u enters into the aerodynamics.
Examining (9) we notice that the aerodynamics drive the struc-
tural dynamics through the force and moment coefficients con-
tained in the vector y. These forces and moments can be ex-
pressed in terms of the perturbation flow quantities as

y =CU0 (13)

where C is a matrix containing the linearized force calculation.
We can now combine equations (9), (12) and (13) to deter-

mine the evolution of the combined linearized aeroelastic state
w = [U0 u]T :

ẇ =

�
A B

TC S

�
w+

�
E
0

�
d: (14)

Low-Order Aerodynamic Models
The aeroelastic state vector w in (14) is very large - for a

two-dimensional Euler problem there are tens of thousands of
aerodynamic states per blade passage. In order to evaluate the ef-
fect of mistuning on the system, we require both a stability anal-
ysis and forced response for the entire bladed disk. Such compu-
tations are not practicable with such a high-order model, hence
there is a need to derive low-order models. Here we describe
two methods, both of which originate from a high-order CFD
method. The first approach is to use the CFD model to evaluate
the aerodynamic response at a particular flow condition, resulting
in a set of influence coefficients. The second method uses sys-
tematic model order reduction to extract relevant dynamics from
the CFD model, resulting in a low-order state-space system.

Aerodynamic Influence Coefficients. In the past, the
need for low-order models has been resolved through the use of
simple assumed-frequency models for the aerodynamic portion.
The high-order CFD model (12) is used to calculate the disk re-
sponse to a particular prescribed set of inputs. This calculation
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results in a set of influence coefficients, which are coupled to
the structural model and are assumed to represent the response
for all flows. For blade motion, these influence coefficients rep-
resent the magnitude of the forces generated on each blade due
to an imposed unit sinusoidal motion on one blade and all other
blades fixed. For external forcing, they represent the forces gen-
erated on each blade due to a unit sinusoidal disturbance in the
appropriate flow quantity.

Since this approach assumes fixed dynamics, it will be inac-
curate, especially in the mistuning context where a high degree
of aerodynamic coupling may be present. Typically, the eigen-
values of a mistuned system are expected to exhibit a sufficiently
high degree of scatter so that assumed-frequency models do not
provide accurate results. This will be demonstrated in the exam-
ples presented in this paper.

Model Order Reduction. Systematic model reduction
provides a way to obtain a low-order aerodynamic model while
retaining the high-fidelity dynamics over a range of forcing in-
puts. Many techniques have been studied and applied to a variety
of problems. Here we apply the proper orthogonal decomposi-
tion (POD) to the CFD model (12). The details of this approach
can be found in Willcox et al. (2000) and Willcox (2000). Once
the reduction has been performed, we obtain a state-space system
identical in form to (12) and (13) but with many fewer states. We
write

dv
dt

= Av+Bu+Ed (15)

y = Cv (16)

where v is the reduced-space aerodynamic state vector and A , B ,
C and E are matrices describing the reduced-order state-space
system.

Upon coupling with the structural model (9), we therefore
obtain a low-order aeroelastic model of the form (14) that can be
used extensively for time domain analysis. We also note that one
could start with a high-order, high-fidelity, structural model (for
example a finite element analysis) and perform a similar reduc-
tion procedure to obtain a reduced-order structural model as in
Ottarsson et al. (1994) and Kruse and Pierre (1996b).

MISTUNED TRANSONIC CASCADE
The test case considered is the DFVLR transonic cascade,

an experimental cascade discussed in Youngren (1991). The ex-
amples selected for analysis have a steady-state flow with an inlet
Mach number of 0.82 at a relative flow angle of 58:5 Æ. The cas-
cade is analyzed with twenty blades, each of which moves in un-
steady plunging motion with a tuned natural reduced frequency
chosen to be k = 0:122. The reduced-order model obtained via

the POD contains four aerodynamic states per blade passage, for
a total of 120 states in the full cascade aeroelastic model. An
axial velocity defect was also admitted at the cascade inlet with
twenty possible disturbance spatial frequencies included in the
model.

One difficulty when deriving a reduced-order model is deter-
mining the number of states to retain. Typically, the procedure
is to derive a reduced-order model and then compare simulation
results with those obtained from the high-order CFD code. The
reduced-order model used here was validated by choosing sev-
eral representative test cases which spanned both frequencies and
interblade phase angles of interest. These validation results can
be found in Willcox (2000), and show that the dynamics of inter-
est can be captured with four reduced-order states per interblade
phase angle, for a total of 80 aerodynamic states in the reduced-
order model. A relatively small frequency range is considered
here, hence the number of POD modes required for accuracy is
low. In other aeroelastic applications, the number of states is
typically on the order of ten per interblade phase angle (Will-
cox, 2000; Epureanu et al., 2000, 2001). It is also interesting to
note that the total number of aerodynamic states could be further
reduced by allowing the POD modes to span interblade phase
angles in addition to frequencies, as in Epureanu et al. (2001).

To demonstrate the effects of mistuning on the cascade re-
sponse, structural parameters are chosen so as to obtain a very
lightly damped system. The case chosen has a blade mass ra-
tio of µ = 100 and a structural damping of ζ = �0:0186. Note
that a small negative value of structural damping has been cho-
sen. Clearly this is not physical, however it is used to establish
a system which is very lightly damped, and which therefore will
exhibit a large sensitivity to mistuning. Such a mode may ac-
tually exist in many physical systems, so it is important to de-
termine the possible implications in a mistuning context and to
understand their sources.

It is relatively straightforward to include the effects of struc-
tural mistuning in the aeroelastic model. For example, if we con-
sider frequency mistuning, then the frequency for blade i is given
by

ωi = ω0(1+ zi); (17)

where ω0 is the nominal or tuned frequency and z i is the mistun-
ing for blade i. The aeroelastic system can therefore be written

ẇr =

�
A B

T C S(z)

�
wr +

�
E
0

�
d; (18)

where wr = [v u]T . The effect of the mistuning on stability can
be determined by evaluating the eigenvalues of (18) and com-
paring them to the tuned system. Since (18) contains only 120
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Figure 1. Tuned structural eigenvalues for reduced-order model.

k = 0:122, µ = 100, ζ = �0:0186. Eigenvalues are numbered by

their nodal diameter.

states, time domain simulations can be easily performed to deter-
mine forced response.

The tuned eigenvalues for this system that correspond to the
structural states are plotted in Figure 1. The numbers on the plot
are the number of nodal diameters, which indicate the spatial
frequency associated with each eigenmode. For ` nodal diam-
eters, the corresponding interblade phase angle is σ` = 2π̀ =20.
The frequencies fall close to the damped natural frequency ofp

1� ζ2 = 1:00. The ` = 0 structural mode is barely stable, and
the ` = 3 mode is very lightly damped.

Random Mistuning
We now apply a random mistuning to the structural frequen-

cies of the blades, generated by a normal distribution with a zero
average and a 4% variance. The random mistuning pattern con-
sidered is shown in Figure 2 along with the mistuned and tuned
structural eigenvalues for the reduced-order model. It can be seen
that the lightly damped mistuned eigenvalues are to the left of the
tuned ones, and so this mistuning pattern stabilizes the system,
which is true for most mistuning (Bendiksen, 1983). As noted in
Crawley (1988), the centroid of the structural eigenvalues can-
not be altered by a zero-average mistuning. In Figure 2 we see
that while the lightly damped modes are stabilized, the highly
damped eigenvalues shift to the right in order to maintain the po-
sition of the centroid. The degree of scattering of the eigenvalues
about the centroid is dependent on the amount of coupling be-
tween the aerodynamics and the structure. Figure 2 also shows
that the mistuning reduces the influence of the aerodynamic cou-
pling and moves the eigenvalues towards the centroid, as also
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Figure 2. Random mistuning of DFVLR cascade. Top: random mis-

tuning pattern. Middle: reduced-order model tuned eigenvalues (dia-

monds) and mistuned eigenvalues (plus signs). Bottom: influence co-

efficient model tuned eigenvalues (diamonds) and mistuned eigenvalues

(plus signs).

discussed in Crawley (1988).

Comparison with Influence Coefficient Model
The results presented here will show that when mistuning is

present, an aerodynamic influence coefficient model cannot ac-
curately capture the system behavior. An identical random mis-
tuning pattern was applied to the influence coefficient model with
the same structural parameters described above, and the eigenval-
ues and forced response of the system were evaluated. Figure 2
also shows the tuned and mistuned eigenvalues for the influence
coefficient model. We notice that the mistuning causes the eigen-
values of the influence coefficient model to move much more
than those of the reduced-order model. In Figure 3 the same
eigenvalues are plotted but now the tuned and mistuned eigen-
values for each model are compared. In the mistuned case, there
is a much greater error in the influence coefficient eigenvalues.

It has been shown that for tuned systems, influence coeffi-
cient models do not predict the correct eigenvalue when the fre-
quency shifts significantly from the natural frequency or when
a significant amount of aerodynamic damping is present (Will-
cox et al., 2000). The influence coefficient model is therefore
expected to provide a much worse estimate of the eigenvalues
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when mistuning is present, since, even though the influence of
the aerodynamic coupling is reduced, the interblade phase angles
no longer decouple. In the tuned system, only the aerodynam-
ics for one interblade phase angle contribute to the placement of
each eigenvalue. If a particular mode happens to have an eigen-
value that falls close to the natural frequency with a small amount
of damping (corresponding to the case of low aerodynamic cou-
pling), then the influence coefficient model does an excellent job
of predicting the eigenvalue position. This can be seen in the
top plot of Figure 3 where the eigenvalues satisfying the above
requirements agree closely with the reduced-order model. How-
ever in the mistuned system, the interblade phase angles do not
decouple and all dynamics are relevant in computing each eigen-
value. Therefore, if any modes exist whose influence coefficients
are not representative for the tuned system, the eigenvalues for
the mistuned system will be inaccurate and the stability margin
of the system will be mispredicted. This can be seen in the lower
plot of Figure 3 where the difference between the reduced-order
model and the influence coefficient model eigenvalues is signifi-
cant for all modes.

Forced Response
The cascade is forced with an axial velocity inlet disturbance

in the ninth nodal diameter mode (` = 9), which corresponds to
the most highly damped tuned eigenvalue in Figure 1 (this mode
is marked in Figure 3). The forced response predicted by each
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Figure 4. Random mistuning of DFVLR transonic cascade. Forced re-

sponse to inlet disturbance in the ` = 9 mode for reduced-order model

(left) and influence coefficient model (right). Solid line denotes the tuned

response, dotted lines are the mistuned response.

model is shown in Figure 4 for the tuned case (solid lines) and the
mistuned case (dotted lines). When the system is tuned, forcing
in the ninth spatial mode excites a response in only that mode,
and all blades have the same response amplitude, thus the tuned
forced response is a single highly damped smooth line. When
the system is mistuned, the spatial modes no longer decouple,
and forcing in the ninth spatial mode excites all of the structural
eigenvalues, including the very lightly damped ` = 0 and ` = 3
modes. Each blade also now exhibits a different response am-
plitude. Because the lightly-damped modes are now present in
the response, we see sharp peaks in the mistuned Bode plot at
the frequencies corresponding to the relevant eigenvalues. Here,
several blades have a large peak near ω= 1, which corresponds
to the very lightly damped ` = 0 mode. We also see a smaller
peak for one blade near ω= 1:05, which corresponds to the `= 3
mode.

The influence coefficient model in fact does a very good
job of predicting the response, even when mistuning is present.
The peak tuned response amplitude is slightly higher than that
predicted by the reduced-order model, since the tuned influence
coefficient eigenvalue is less highly damped. The mistuned re-
sponse is computed surprisingly accurately by the influence co-
efficient model, despite the errors in the mistuned eigenvalue
predictions. Inspection of the mistuned eigenvalues in Figure 3
shows that the frequencies of the lightly damped `= 0 and `= 3
modes are computed accurately, therefore the peaks of the forced
response in Figure 4 occur at the correct frequency. The damping
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Figure 5. Random mistuning of DFVLR transonic cascade. Forced re-

sponse to inlet disturbance in the ` = 15 mode for reduced-order model

(left) and influence coefficient model (right). Solid line denotes the tuned

response, dotted lines are the mistuned response.

of these two modes is predicted to be higher than it should, how-
ever this may be compensated by the fact that the tuned ` = 9
damping is underpredicted, thus resulting in almost the correct
forced response amplitude.

The two modes whose frequencies do move significantly
from the natural frequency are `= 15 and `= 16. As was shown
in Willcox et al. (2000), when a frequency shift occurs, the in-
fluence coefficients do not model the dynamics accurately. This
is demonstrated by the difference in position for the ` = 15 and
` = 16 eigenvalues between the reduced-order model and influ-
ence coefficient model in both plots in Figure 3. When the forced
response is calculated for one of these modes, the influence coef-
ficient model no longer predicts the amplitude accurately. Figure
5 shows the forced response calculated for the two models for
inlet disturbance forcing in the fifteenth spatial mode. We notice
first that the tuned forced response predictions differ. This is be-
cause the damping of the tuned ` = 15 eigenvalue is incorrectly
predicted by the influence coefficient calculation. Figure 3 shows
that the damping of the eigenvalue is significantly overpredicted
by the influence coefficient model, which is consistent with the
lower forced response amplitude. When mistuning is introduced
into the system, the influence coefficient model does not capture
the true amplitudes of the peaks associated with lightly damped
modes.

Intentional Mistuning
Although the random mistuning appears to be beneficial in

that it stabilizes the system by moving the lightly damped eigen-
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Figure 6. Optimal mistuning of DFVLR cascade. Top: optimal mistuning

pattern. Bottom: reduced-order model tuned eigenvalues (diamonds),

mistuned eigenvalues (plus signs). Result taken from Shapiro (1999).

values to the left, it creates a situation where the forced response
amplitude may rise to unacceptable levels, and also introduces
high loading on some individual blades. This might create a
problem in practice if a disturbance is known to exist in a partic-
ular spatial mode whose eigenvalue is highly damped. A tuned
analysis would predict a low forced response amplitude, while
in reality small blade to blade variations exist, and the actual re-
sponse may contain components of the lightly damped modes as
demonstrated by Figure 4.

The idea behind robust design is to find an intentionally mis-
tuned design point for the blades where the forced response due
to random mistuning will be more acceptable than that shown in
Figure 4. The intentional mistuning is chosen so as to optimize
the following objective :

Maximize ∆ζ(z) subject to jjzjj∞ � 0:1 and ∑zi = 0: (19)

This means that we are finding the zero-average mistuning that
provides the maximum increase in stability - it drives the least
stable eigenvalue pair as far to the left as possible, subject to
a constraint on the size of the mistuning. The optimal solution
was determined in Shapiro (1999) and is shown in Figure 6. The
corresponding eigenvalue plot shows that the least stable ` = 0
and ` = 3 eigenvalues have been pushed a significant amount to
the left.

We now consider the same random mistuning applied about
this intentionally mistuned point. The optimal plus random mis-
tuning pattern is shown in Figure 7 along with the correspond-
ing eigenvalues. Once again, we force in the ninth spatial mode

7 Copyright  2002 by ASME
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Figure 7. Optimal plus random mistuning of DFVLR cascade. Top: opti-

mal plus random mistuning pattern. Bottom: reduced-order model tuned

eigenvalues (diamonds), mistuned eigenvalues (plus signs).

and compute the response of the tuned and mistuned systems.
The Bode plots shown in Figure 8 demonstrate that although the
forced response of the mistuned system (dotted lines) is higher
than that of the tuned system (solid line), the worst-case ampli-
tude has been significantly reduced compared with that shown in
Figure 4 for the same random mistuning pattern. The sensitiv-
ity of the forced response to random mistuning has been signifi-
cantly decreased by the introduction of intentional mistuning.

CONCLUSIONS
In analysis of mistuned bladed disks, focus has been on

developing high-fidelity structural models. Traditionally, the
aerodynamics have been represented by an influence coefficient
model that assumes fixed dynamics. However, when mistuning
is present, symmetry is destroyed and the spatial frequencies no
longer decouple. This leads to greater inaccuracy in the predicted
aeroelastic coupling for the influence coefficient models and they
therefore cannot predict mistuned behavior accurately. This in-
accuracy is realized by error in both stability margin and forced
response predictions. The transonic cascade example presented
here highlights this point.

Until now, the alternative for better aerodynamic models has
been high-order CFD methods. However, the size and com-
putational expense of these methods diminishes their utility in
a mistuning context where the entire blade row must be con-
sidered. Systematic model reduction provides a means to ob-
tain low-order, high-fidelity models that are valid over a range
of forcing conditions. Results presented here show that these
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Figure 8. Optimal plus random mistuning of DFVLR cascade. Forced

response of tuned system (solid line) and mistuned system (dotted lines)

to an inlet disturbance in the ninth spatial mode.

reduced-order models are more appropriate for analysis of mis-
tuned bladed disks than the traditional influence coefficient ap-
proach. Moreover, these models can been extended to include the
effects of geometric variations between blades. Although past ef-
forts have largely focused on structural mistuning, in practice the
problem of aerodynamic mistuning is of significant importance.
In order to capture the effects of variation in blade geometric pa-
rameters (such as shape and twist angle), the aerodynamic model
must be considerably more sophisticated than a simple influence
coefficient approach. Current efforts are being focused on ex-
tending the application of the reduced-order aerodynamic mod-
els described here to consider aerodynamic mistuning.
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