INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING
Int. J. Numer. Meth. Engng 2008; 00:1-39 Prepared using nmeauth.cls [Version: 2002/09/18 v2.02]

A Variationally Consistent Mesh Adaptation Method for
Triangular Elements in Explicit Lagrangian Dynamics

Sudeep K. Lahiri !, Javier Bonet 2* and Jaime Peraire !

L Aerospace Computational Design Laboratory, Department of Aeronautics & Astronautics, MIT,
Cambridge, USA.
2 Civil & Computational Engineering Center, School of Engineering, Swansea University, UK.

SUMMARY

In this paper a variational formulation for mesh adaptation procedures, involving local mesh changes
for triangular meshes, is presented. Such local adaptive changes are very well suited for explicit
methods as they do not involve significant computational expense. They also greatly simplify the
projection of field variables from the old to the new meshes. Crucially, the variational nature of the
formulation used to derive the equilibrium equations at steps where adaptation takes place ensures
that conservation of linear and angular momentum is obtained [1]. Several examples in 2-D showing
the application of the proposed adaptive algorithms are used to demonstrate the validity of the
methodology proposed.
Copyright © 2008 John Wiley & Sons, Ltd.

KEY WORDS: Variationally consistent, mesh adaptation, explicit, space-time discretization, triangular
elements

1. Introduction

Rapid dynamics encompasses a significant section of continuum mechanics problems. Several
industrial phenomena involve rapid dynamics of solids, for example forging, machining, crash-
tests, collision modeling and many others. Computational simulations of such problems are
used in various engineering analysis and design. These problems involve large deformations
and rotations along with complex material behavior. Hence these problems are inherently
non-linear. Due to high velocities (of the order of speed of sound in the material), large meshes
and many small time-steps are used for spatial and temporal accuracy. Hence explicit time-
integrators become advantageous in such applications. Several codes have been developed and
used for such problems [2, 3, 4, 5], based on explicit methods. The main challenges in these
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2 S. K. LAHIRI ET AL.

numerical problems lie in the proper modeling of large deformations and rotations, contact, and
complex non-linear material behavior. Mesh distortions, encountered due to large deformations
lead to lack of accuracy of the solution. Mesh adaptive time integration can be used to reduce
mesh distortions and increase the accuracy of the solution. Such use of mesh adaptation has
been limited, since these updates add errors to the solution. Existing mesh-adaptive methods
combined with common time integration techniques do not ensure conservation of momentum
which may lead to errors over many time-integration steps. Hence, it is desired that such
mesh adaptation methods conserve global momentum which would allow use of adaptation in
reducing mesh distortions and also increase the accuracy of the solution.

An important aspect of a time-integration method in dynamics applications is its ability to
conserve mass, momentum (linear and angular) and energy, which leads to more physically
consistent solutions. Methods which do not have good conservation properties, develop large
errors over many time integration steps. Typically, dynamics in solids are modeled from a
Lagrangian formulation of the equations of motion. Hence mass conservation is automatically
satisfied in such methods. Exact conservation of global energy is hard to obtain using explicit
integrators. But global momentum (linear and angular) conservation is possible. The explicit
time-integrator, the Central Difference Scheme (also called the Leap-Frog Method), is found
to conserve global momentum exactly. Existing codes [4, 5] have employed this method with
great success.

Recent research [1, 6] has shown that time-integration methods developed from a variational
principle as that of Hamilton’s principle of stationary action, necessarily conserve linear and
angular momentum. Such methods are commonly called as Variational Integrators or
Variational methods. In this paper, topological changes for mesh adaptation are developed
from Hamilton’s principle and space-time discretization, leading to Variational Mesh
Adaptation which conserves the total momentum (linear and angular) of the discrete system.

1.1. Literature review

1.1.1. Variational Framework Variational integrators have been developed by several
researchers [1, 7, 8, 9, 10, 11, 12, 13], on the basis of Hamilton’s principle of stationary action,
rather than discretizing the differential equations of motion in time. Hamilton’s principle
dictates that the path followed by a body represents a stationary point of the action integral
of the Lagrangian over a given time interval [14, 15]. Variational integrators take advantage of
this principle by constructing a discrete approximation of this integral which then becomes a
function of a finite number of positions of the body at each time step. The stationary condition
of the resulting discrete functional with respect to each body configuration leads to time
stepping algorithms that retain many of the conservation properties of the continuum problem.
In particular, the schemes developed in this way satisfy exact conservation of linear and angular
momentum [1]. In addition, these algorithms are found to have excellent energy conservation
properties even though the exact reasons for this are not fully understood [1, 16, 17, 18]. This
class of variational algorithms includes both implicit and explicit schemes, and in particular,
it includes some well-known members of the Newmark family [19]. A recent development in
the area of variational integrators, is the development of asynchronous variational integrators
[10]. The discrete energy gets computed as the variation of the Lagrangian with respect to
the time-step. By altering the time step locally, it has been shown in [10], that variational
integrators could have both momentum and energy conserving properties but at the cost of
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VARIATIONAL MESH ADAPTATION 3

being asynchronous. This paper discusses only synchronous time-step methods.

1.1.2. Mesh Adaptation Mesh adaptation has been an active area of research in solid and
fluid mechanics computations. There are three types of mesh adaptation wiz. : (1) r-adaptation,
where the number of nodes and number of elements remain same while the node locations or
connectivities are changed [20], (2) h-adaptation, where the elements are refined and de-refined
locally or globally [21], and (3) p-adaptation, where the order of the interpolation polynomial
within the element is changed to resolve the solution locally [22]. The effectiveness of mesh
adaptation depends on the mesh-adaptive-mechanism, and the adaptation criteria.

Mesh-adaptive mechanisms might include local mesh changes or global remeshing. Global
mesh changes, typically involve, complete remeshing and transfer of variables from the old
mesh to the new mesh [23, 24]. Local mesh changes could be achieved using explicit updates
[25, 26]. Mesh changes involve node movement, changes in mesh connectivity, and coarsening
and refinement of meshes. A detailed overview of such changes in meshes can be found in
[27, 28]. Various such mesh update methods exist, which are used by several researchers
[4, 29, 30] with success. 2D remeshing based on the advancing front methods have been used
in [30] for modeling ballistic penetration problems. Severe mesh distortions encountered in 2D
machining problems have been handled in [31], based on complete remeshing techniques. 2D
mesh adaptation for shear bands in plane strain can be found in [32, 33] Local coarsening and
refinement based on mesh size has been discussed in [29] in application to shear bands. 3D
Mesh operations are discussed in [29, 27]. Mesh adaptations for metal forming can be found
in [34, 35, 36]. 2D Impact problems have been modeled using global remeshing and gradient
based indictors in [37]. Mesh adaptation has also been used in shape optimization of structures
(38, 39].

The adaptation criteria is chosen by the analyst. Typically meshes are adapted based on
either some error-estimate or mesh skewness or some output of interest. Various researchers
[40, 41, 42, 43, 44, 23, 45] have described different error estimation techniques in their works.
A commonly used error estimate by Zienkiewicz and Zhu, [46, 47], (Z? error estimate), uses
the stresses within the element and describes a recovery process to obtain a reference stress.
More recent developments, [48, 49, 50] have used a new approach for error-estimation based
on the constitutive relation error. Error estimates based on variational constitutive updates
can be found in [23]. Variational mesh adaptation, where the error-estimate is obtained from a
variational principle is found in [23, 51, 52, 53]. Recently, some researchers [39, 54], have used
the idea of configurational forces [55] for r-adaptation, for applications in shape optimization.
An overview of various error-estimation techniques and adaptation criteria can be found in

45, 56].

1.2. Overview

Section 2 of this paper reviews the variational framework from time step integrators. The
details of the space-time discretization used later in our adaptive formulation are then
presented. The derivation of the simple leap frog method using space-time discretization is
shown as an example. In section 3, the space-time discretization and the variational formulation
are extended to incorporate local mesh adaptations. Local remeshing is achieved by four
local operations, viz.: (1) Diagonal Swapping, (2) Edge Splitting, (3) Node Movement and
(4) Edge Collapsing. Details of the above mechanisms are presented individually. Then,
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4 S. K. LAHIRI ET AL.

implementation details of error-estimation, and adaptation criteria are mentioned followed
by examples demonstrating the performance of the adaptation methods. In section 6, A brief
summary of the overall developments of the research is presented, followed by suggestions of
possible future work.

2. Variational Formulation

2.1. The Continuous Problem

The motion under loading of a generic three dimensional body is considered. A reference
configuration, Q C R? is adopted, corresponding to the configuration of the body at time
t = 0. The material coordinates X € @, are used to label the particles of the body. At any
arbitrary time t, the position of particle X is given by the coordinate , and in general, the
motion of the body is described by a deformation mapping,

r = oX,1), (1)

as illustrated in figure 1. In its reference configuration, the body has volume V;, and density
po, whereas at a given time ¢, the body has volume V (¢) and density p(t).

9,

Figure 1. Continuous systems

2.2. The Action Integral for non-dissipative systems

For non-dissipative systems, both the internal and external forces in the system can be derived
from a potential, and the motion between times tyg = 0 and ¢, can be determine from Hamilton’s
principle. To this end, a Lagrangian, £, is introduced, such that, L(z, &) = K(&) — I(x) ,
where, I, denotes the kinetic energy, II is the potential energy and & = dx/dt is the
material velocity. The potential energy can be generally decomposed into an internal elastic
component, II'*, and a component accounting for the external conservative forces, II°*. Thus,
(z) = I () + I (z).

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
Prepared using nmeauth.cls



VARIATIONAL MESH ADAPTATION 5

The action integral, S, is defined as the integral of the of the Lagrangian over the time
interval considered,

S = /Oﬁ(a:,a':)dt, 2)

and Hamilton’s principle states that the deformation mapping satisfying the equations of
motion can be obtained by making the action integral stationary with respect to all possible
deformation mappings which are compatible with the boundary conditions [15], where the
Lagrangian £ can be expressed in terms of the deformation and velocities in the following
manner.

2.2.1. The Kinetic Energy, (K) The kinetic energy of the body is a function of the material
velocity and can be written as:

K@) = [ gmata. (3)

2.2.2. The Internal Potential Energy (II'™) The internal potential energy depends on the
constitutive relations of the materials in the system. In this research hyperelastic compressible
Neo-Hookean materials are considered, which undergo large deformations and displacements.
Let F be the deformation gradient tensor which can be written as,
8$i
F, = Vi,j=1,.,3
i ox, j

The relevant kinematic quantities associated with the deformation gradient are the right
Cauchy-Green tensor, C, the Jacobian, J, and the isochoric component of C, C, which are
given by,

C=F"F;, J=det(F); C=J5C.

For isotropic compressible Neo-Hookean materials, the internal potential energy can be
expressed in terms of the Lame constant u, and the bulk modulus « as

mnt(z) = /Vw(F)dVO

/VD {% (tr(é’) - 3) + %H(J - 1)2} v . (4)

The above expression is well suited for compressible or nearly incompressible materials,
[57, 58].

2.2.3. The Ezternal Potential Energy (I1°*) The external potential energy includes the work
done by the external body and surface forces.

oet(z) = — Vfb~:ch0— . f5-xdSy (5)

Here, f° are the body forces (per unit volume), f* are the surface forces (per unit surface),
and 0V denotes the section of the boundary, in the reference configuration, where the surface
forces are applied.
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6 S. K. LAHIRI ET AL.

2.8. Discretization in time

Consider now a sequence of timesteps t,+1 = t, + At, n = 0,1,..., N, where for simplicity
a constant step size has been taken. The position of the body at each step is defined by a
mapping @, = ¢(X,t,). A variational algorithm is defined by a discrete sum integral,

N—-1
S(m07$17 7wN) ~ Z Ln,n—i—l(wnuwn-i-l) (6)

n=0

where the discrete Lagrangian Integral L approximates the integral of the continuum
Lagrangian £ over a timestep [1], that is,

tnt1
Ln,nJrl (.’Bn, anrl) ~ / L(CE, :E) dt
t’!l

/tt"“ K(&)dt — /tt"“ T(x) dt (7)

n n

Q

Here, for simplicity, the case in which the Lagrangian is a function of & and x only, is
considered. Other cases, like the ones where the Lagrangian is dependant on pressure in
addition to the position and velocity are discussed in [6, 59]. The discrete Lagrangian Integral
can be further split into the Kinetic Energy Integral and the Potential Energy Integrals as:

tni1
Ln,n-i—l (wnu wn-i—l) = Kn,n-i—l (wna mn-l—l) - / H(il)) dt (8)
t

n

where K, ,+1 is an approximation to the Kinetic Energy Integral j;i"“ K(2)dt. There are
many ways in which the approximation (8) can be chosen, and, each one will lead to a different
time integration algorithm. It has been shown in [6] that the approximation for the Potential
Energy Integral :

tnt1
/ M(z)dt =~ Atll(z,) (9)
tn
where At = t, 11 — t,, leads to explicit time marching algorithms with appropriate choice of
the discrete Kinetic Energy Integral. Hence with explicit methods in consideration, the discrete
Lagrangian within two steps can be rewritten as:

Ln,n-}-l(wna wn-i—l) = Kn,n-i—l (ilfn, wn—i—l) — At H(wn) (10)

The stationary conditions of the discrete sum integral S with respect to a variation dv,, of
the body position at time step n are now given by,

D, S[év,] = DoLp_1n(Tn—1,%n)[0vs] + D1Lpnt1(€n, Tpt1)[0vn] =0 Yov,, , (11)

where D; denotes directional derivative with respect to i-th variable. The above equation
represents the statement of equilibrium at step n and will enable the positions at step n + 1
to be evaluated in terms of positions at n — 1 and n. Rewriting the stationary conditions in
terms of the Kinetic and Potential Energy Integrals we obtain:

DyKp_1n(@n—1,%n)[00n] + D1Kpni1(Tn, Tui1)[0v,] — At D1I1(x,)[0v,] = O Yév,,
(12)
Copyright (© 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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VARIATIONAL MESH ADAPTATION 7

2.4. Discretization in time and space

So far in this paper, discretizations in time have been discussed. In this section a simple spatial
discretization is introduced using 3 noded triangular elements. Based on triangular elements,

the position vector 7 in an element e, can be written as:
x¢ = NStz (13)

where N are linear shape functions within an element e and «¢ are the nodal position vectors.
The action integral as discretized in time in equation 6 now can be rewritten as:

S = Sx%a=1,....Nbn=1,...,N)
N
~ ZLn,nH(a}fL,wzH;azl,...,Nd) (14)
n=0

where N are the number of nodes and N are the number of time steps. The Lagrangian within
the time steps n and n + 1 can be written as:

Loni1 (@, @541) = Knpsa(@n, @) — At (I (20) + 157 (7)) (15)
The stationarity condition then becomes:

88 o 8Ln,nJrl aLnfl,n o
ors oxé + oxg =0 (16)

which leads to the relations between the derivatives of the Kinetic and Potential Energy
integrals as:
0K, nt1 oTIext ot 9K, 1.,
9 _ At 3 _ At 3 9
oxé oxé oxg + oxé

0 (17)
Now, each of the derivatives will be calculated separately.

2.5. The Potential Energy Integral

First, the internal Potential Energy and its derivative with respect to x¢ are calculated.
The Potential Energy is a function of x, at time level n only due to the approximation
in Eqn. 9. Hence, for convenience, the time index n is dropped for the rest of this section on
Potential Energy Integral. Therefore, ¢, implies ¢ unless mentioned otherwise. In addition,
the following index notation is used. Indices e and f are used to denote elements, indices a and
b are used to denote nodes, and, indices i, j, k and [ are used to denote vector directions in the
current (spatial) configuration and I, J, K, L are used to denote the directions of vectors in the
reference (material) configuration. Repeated indices imply summation. First, the deformation
gradient within the element e, is considered:
F¢ = a_w = gt ® aN;
0X ¢ o0X
where X is the position vector of the reference (material) configuration. Note that since the
shape functions are linear in the element the gradients are constant within an element hence

(18)
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8 S. K. LAHIRI ET AL.

the deformation gradient is a constant within the element. Based on the Neo-Hookean model,
the internal potential energy (IT'"™), can be written as:

" (z) = ) /V Ow(Fe)dVeO (19)
(F) = E{uC)-3}+5 (-1 (20)

where
Jo = det(F¢); C, = F'F¢; b, = F°F"'; C, = J.*C,;

Therefore, the derivative of potential energy wrt.  can be written as :

or(F)  on(F) OF (21)
dz¢ OF = 9a¢
oF
= P: Da (22)

where P is the first Piola Kirchhoff stress tensor. The first Piola Kirchhoff stresses are related
to the Cauchy stress tensor (also called the true stresses) by:

o = J'PFT (23)
Further simplifying using indicial notation, leads to:
on ON¢
8.%? L 8.Ij ik ( )

Now, introducing a global index of a node as, b, such that it is the a’th node of element e,
(represented here as: (e, a) € b) and revisiting equation, 19 & 24, one can express the derivative
of the Potential Energy as:

O™ (g
S

(e,a)eb
ON¢
= 7‘I/ .
S P Eave (26)
(e,a)eb ve xj

Now, changing the reference volume V° to V a current volume one can obtain:

OIT™ (z ONE
W() . / i St Py IV (27)
t (e,a)eb J

Substituting equation 23 into equation 27, one can obtain:

oI (¢ 8N °
oIr™(x) Z £ oy
ox? i
4 (e a)eb
= Z (28)
(e,a)€b
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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VARIATIONAL MESH ADAPTATION 9

where T are the internal tractions at node b along direction i, and the T, are the elemental
internal tractions at a*™® node of the element along direction 7. Similar to the internal Potential
Energy, it can be shown [59] that the external Potential Energy (5) would have similar
derivatives:

8Hext T
T~y [ wNesave- Y [N gas,
i (e,a)eb ve (e,a)eb Ve

R (29)

(e,a)€d

where f# are external surface force per unit area, and f? are the body forces per unit volume.

Thus the final expression for the derivative of the Potential Energy with respect to the position

vector of a global node at time level n (%) is:

ol(x,) o ()  OU™Y(x,,) B b b
oxbh oxb, + oxh, = Tw—Fy (30)

2.6. The Kinetic Energy Integral € Space-Time Discretization

In this section a space-time discretization is adopted to formulate the Kinetic Energy Integral
described in Eqn. 8. The space-time integrations are conducted over the space-time vector space
Vo x R (undeformed reference configuration), and not on V' x R (deformed configuration). We
begin with a single triangular element with unit thickness.

tn+1
c b 4

c . y :
th A
a X

Figure 2. The space-time-prism (left) and a generic space-time-tetrahedron (right).

Figure 2, shows the typical space-time volume of a single triangle. The triangle abc, and
triangle abc, 41 enclose a prismatic space-time volume. This volume is further sub-divided into
three tetrahedra. The task is to compute the kinetic energy integral K within each of the space-
time-tetrahedra, and then sum each of the contributions to compute the net integral within
the space-time-prism. To do so, a generic space-time-tetrahedron (Fig. 2, (right)) is studied
and the integral is computed by first evaluating the constant velocity over the space-time
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Prepared using nmeauth.cls



10 S. K. LAHIRI ET AL.

tetrahedron as:

dz

= Xt n,n 7
T z(X,t) Un,n+1 aQ

(31)

Where « is the position vector, X is the reference position vector and % is the total
derivative. Note here, that for the Kinetic Energy Integral, total derivatives of position vectors,
are considered. In the general case, any quantity (scalar or vector) would have a similar
treatment. First, a set of volume coordinates are introduced, analogous to the area coordinates
in case of triangles. The volume coordinates, given by (1, &2, &3,£4) attain values of 1 at their
corresponding nodes and zero at other nodes, ie., §; is one at node ¢ and zero at all nodes
J # . Any function linearin X, Y, t, say F(X,Y,t), can be interpolated within the tetrahedron,
based on its nodal values F,, and shape functions N, = &, as F(X,Y,t) = F,&,. The coordinate
transform between (X,Y,t) and (&1, &2, &3,&4) can be written as:

1 11 1 1 &
X _ X1 Xo X3 Xy & (32)
Y N i Yo Y3 Y, &3
t 1 t2 3 4 &4
Inverting this relation gives:
&1 6V1 a1 b1 c 1
&2 _ L6V ar by e X (33)
53 6Vo 6V3 as bg C3 Y
&4 6Vs as by ca t

where a;’s are the cofactor of the X; elements in the transformation matrix. Similarly b;’s are
the cofactors of the Y; elements, ¢;’s are the cofactors of the t; elements, and V;’s are one
sixth the cofactor of each unit element in the transformation matrix. Vg is the volume of the
tetrahedron given by:

1 1 1 1
X Xo X3 X4
6| Y1 Y2 Y3 Y

th te  ty  ta

Using chain rule, the derivatives of the function now can be written as :

dr OF d¢i

dX' g dX' (35)
where X =[1 X Y t]T. Thus, the time gradient of the function F' can be written as:

dr 1 OF

= 36

dt 6V, 0€; (36)

Now, since F is linearly interpolated, (g—g = FZ) which leads to a simple relation for the time

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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VARIATIONAL MESH ADAPTATION 11

derivatives:

1 1 1 1
X, Xy X3 X4
i Y2 Y3 Y
dF P B I3 Fy
a1 1 1 1
X1 Xo X3 Xy
i Y2 Y3 Y
t1 t2 tz3 14

Similarly, assuming a linear interpolation of (= F(X,Y,t)) in space and time, the velocity
within the tetrahedron is obtained as a ratio of two determinants:

1 1 1 1
X, X, X3 X4
i Yo Y3 Y,

dx Ty T2 T3 T4
Unntl = T 11 11 (38)
X, X, X3 X4
i Yo Y3 Y,
t1 to t3 14

Note here, that in the special case where two nodes of a given space-time-tetrahedron have
the same reference coordinate (implying the same point) then, the velocity in the tetrahedron
simply becomes (in this case assuming X; = X4 and Y7 = Y}):
Ty — I

la —t

This simplification leads to a criterion for the choice of subdivision of any generic space-time
volume. One should choose to sub-divide a given space-time volume into as many tetrahedra
with common nodes as possible. This would lead to a simple velocity interpolation within

the tetrahedron. Now the Kinetic Energy Integral K is computed within the space-time-
tetrahedron:

(39)

'Un,nJrl

1

K = /‘;on(vn,nﬂ'vn,nﬂ)d\)o (40)
0

In the case of a tetrahedron with common nodes this volume, simply becomes:
Aja3

Vo = 3 (ts —t1) (41)
where Ajo3 is the area of the triangle with nodes 1,2 and 3.
1 1 1 1
Apaz = 3 X1 X X3
Yi Yo V3

In the generic case the Kinetic Energy Integral K, 11 would take the form:

1
tet
Kiny = V0§p0 (Vnnt1* Vngnt1) (42)
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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12 S. K. LAHIRI ET AL.

But in the case of a tetrahedron with common nodes, the Kinetic Energy Integral K, 41
would take the simple form (m123 = poAi23):

mio3 1

Ky = (ta— t1)T§ (Vn,n+1 * Unnt1) (43)

Now, revisiting the space-time-prism of the triangle (Fig. 2) it is observed, that it is subdivided
into three tetrahedra, each one of them have a common node. Hence, using the above relations,
a very simple form of the Kinetic Energy Integral is obtained:

rism Mabe At a a c c
Kg,nJrl = 3 9 (vn+1/2 : "’n+1/2) + ("’3+1/2 : "’Z+1/2) + (vn+1/2 : "’n+1/2) (44)

Where mgpe is the mass of the triangle abc and:

At = tn_;,_l - tn
a; a;
T, — Ty

i +1

UZ+1/2 = "Tt" Ya; = a,b,c

Hence the kinetic energy integral for a generic prism for a corresponding triangular element e

with mass m® can be written as:
me At
a1 = 33 Z (”Zﬂ/z : "’Z+1/2) (45)
a=1:3

Note, that the velocities used in each element is simply the nodal value. In case of a finite
element mesh, the space-time volume of the entire mesh can be subdivided into space-time-
prisms corresponding to each triangular element:

Kn,n-i—l (ilfn, mn-l—l) = Z Kvez,n-i-l (46)

The lumped mass of the node is obtained from the summation of all the elements linked at
the node. For example, the lumped mass at a node a in element e which has a global index p,
(represented as: (e, a) € p)

MPo= Y % (47)

(e;a)€p
Hence, the net Kinetic Energy Integral obtained for the whole mesh would be:

At
Knni1(Tn, Tnt1) = TMP v£+1/2 ) v£+1/2 (48)
p

Thus, the net Lagrangian of the entire mesh becomes:

At

Lynt+1(Tn, @ny1) = = MP P

5 nt1/2 v7’;+1/2 AtT(x,) (49)

p

This leads to the discrete Lagrangian Integral of the Central Difference method, as discussed
in [59, 6]. Now the Kinetic Energy Integral is revisited to evaluate the directional derivatives:

At
— p p
Kn,n-i—l(wnuwn-l-l) - 7Mplvn+1/2 ’ vn+1/2 (50)
p
Copyright (© 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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where the velocity UZ_H/Q of node p, can be written as:

”Z+1/2 N (:Efz+1 - wi)
a*Kvn,n-i-l
gz~ MV
Similarly :
a*Kvn—l,n
oxh, My,

Using equation 17, we obtain the final discrete equation of motion as:

OKpni1 OKn_ 1, OITint oIrext
: D At — At—2
oz, oxh, oz oxh,
— M (—v§+1/2 + vg_m) _ At(TP — F?)
= 0
which can be simplified as:
M (”iﬂ/z - UZ71/2) = At(F,-T7)

13

(51)

(53)

(54)

Thus, we obtain the time integration algorithm of Central Difference Scheme with lumped
mass, using linear space-time discretization. The purpose of deriving the commonly known
central difference method, was to demonstrate that it belongs to the class of variational
integrators [1]. We have proved that the well known lumped mass approximation is a
consequence of linear space-time discretization in case of linear triangular elements. In the
process of deriving the method, we have also elucidated the use of space-time discretization,
which shall be used to develop time-integration updates for time-steps involving mesh changes

in the next sections.

3. Mesh Adaptation

In this section, the previously mentioned variational formulation, is extended to mesh
adaptation. Mesh adaptations which involve local mesh changes for 2D triangular meshes,

are considered. The following operations are formulated separately:

. Diagonal Swapping.
. Node Movement.

. Edge Splitting.

. Edge Collapsing.

=W N

Each of these operations is developed with the assumption that only one of these operations

takes place between time level n and n + 1 on a local patch.

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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14 S. K. LAHIRI ET AL.

3.1. Diagonal Swapping

A discussion of diagonal swapping is presented, by studying a local patch of two triangular
elements abc and acd at time level t,, as shown in Fig. 3. The patch is time marched to
time level t,41 where the common diagonal ac is swapped with the new diagonal bd, thus
leading to two different element configurations, abd and bed at time level ¢,,11. The space-
time volume thus formed, can be subdivided into five tetrahedra: (anbncnbni1), (@ncndndnii),
(an+1bn+1dnt10n), (bnticni1dnti1cn) and (ancnbpi1dn+1) as shown in the figure 3. Note that,

d th+1

b

Figure 3. The space-time volume for the diagonal swapping.

the first four tetrahedra, have common nodes, hence the velocity interpolation is simple. The
velocity in the fifth(central) tetrahedra is computed by the full expression, (as explained in
section 2). Hence, the net Kinetic Energy Integral within the space-time volume can be written
as:

joabed  _ At mape 4, b At mocd 4 d At Mapd 4 u
nntl T 5 T3 Upi1/2° Ung12 t 5 3 Upi1/2° Ung1/2 t 5 3 Unt1/2 ° Unt1/2
At Mbped ¢ c At Mabed | abed abed
5 T3 Un+1/2 Unt1/2 + o 3 Unt1/2" Untiy2 (55)
abed _ (maCdngrl + mabcmg+1 - mbcdmﬁ + mabdmﬁ)
vn+1/2 At (56)
Mabed
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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VARIATIONAL MESH ADAPTATION 15

where Maped = Mabe + Macq- Using stationarity wrt. x,, the contribution to the inertial part

of the equilibrium equations at ¢,, arising from the prism abcd is:
_DlKgf)ﬁ‘il[émn] = % nt1/2 " (5;1; + gcd g+1/2 5:13,’?
+ (%UZ—HN + % Sicldm) -dxy
- (B + e ) - ba (57)
Adding this contribution to those arising from non-swapped elements in the mesh leads to an

update algorithm at step t,, which for nodes b and d is simply:
ME (010 = vhape) = At(FL—T2) (59)

M (vl o = vilye) = At(FL- T (59)

Note that as soon as the position of nodes b and d have been updated, using equations 58 and

59, it is possible to calculate vfﬁff /2 using 56 which in turns allows the update of @ and ¢ to
take place as:
Me, ve Moya 4 Dhedyabed — _ Ap(pa 9y (60)
n+1Uny1/2 — n—1/2 3 Unt1/2 T n n
c c Mabd | abed c c
MnJrlanrl/Q M, vn 1/2 + Tvn+1/2 = At (Fn - Tn) (61)

Similarly, using stationarity wrt. &,+1, the contribution to the equilibrium relations at ¢, is
obtained as:

Mabd 4 Myed ve

—DyKy, n+1[5w71+1] = Tvn+1/2 0xy 1+ —— 3 Upt1/2 0Ty
Mabe Macd = abed b
(Tvn—i-l/? + T”n+1/2> o
Macd d Mabe  agbed d
( 3 Untij2 T30 n+1/2) LA (62)
which lead to an update algorithm at ¢, as:
M (Uz+3/2 - ”5+1/2) = At( 1 T ;zl+1) (63)
My 1y (Urcl+3/2 - Urcl+1/2) = At (Fﬁﬂ - Tﬁﬂ) (64)
Maed n+1/2
Mg+1”3+3/2 My Un+1/2 3 ”abcd/ = At (Fb+1 T£+1) (65)
Mabe n+1/2
Mg+1”g+3/2 M ”n+1/2 Tvabcd/ = At (Fngl - Tg+1) (66)
The momentum within time step ¢, and ¢,4+1 is (D2Ly nt1):
Pnpi1 = Z P) . (67)
_ Mi+1 £+1/2 for j=aorc,
P, = M iz T (™e )vggcfl/z, for j = b, (68)
abed I
Mn'vnﬂ/2 (™4 )vn+1/2 for j = d.
Hn,n-}-l = Z wn—i—l X Pn,n-i—l (69)
J
Copyright (© 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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16 S. K. LAHIRI ET AL.

8.2. Edge Splitting

Now another patch of elements as shown in Fig. 4, is considered to develop the algorithm for
edge-splitting. As shown in the figure, a patch of two triangles, abd and bed, at time level
tn, is time marched to time level t,,1. The common edge bd is split at midpoint e to form

tn+1

Figure 4. The space-time volume for edge splitting.

four child elements, abe, aed, bece and ecd, at time level ¢,,11. The space-time volume is now
subdivided to five tetrahedra: (anbndnant1), (bnCndncni1), (@ncndndnii), (ancnbnbpy1), and
(bndnan+icny1). Note that the first four tetrahedra have common nodes, hence the velocity
interpolation is simple. The fifth tetrahedra, is further subdivided into four tetrahedra (as
shown in red dotted lines in Fig. 4), each having a common node as e. The point e and the
mid point of b and d have the same reference coordinates, (X, = %) Thus the Kinetic

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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VARIATIONAL MESH ADAPTATION 17

Energy Integral can be written as:

abed At mapa u At Mped . .
Kongr = 77%4&/2 “Uny1/2 77%4&/2 “Unt1/2
At Mabe + Mpee b b At Mdae T+ Mdec d d
T T 3 Ui et T 3 Untiy2 Untge
At . .
T 5 MeVniiy2 Ung1)2 (70)
- (Mabd + Mpea) (71)
3
c L P G )
Vn+1/2 N Tpi1 — 9 (72)
Using stationarity wrt. ¢, one can obtain:
—DiK%ed 5z, = Zabdye o spe 4+ Dbedye o sgC
18y np1l9Tn] = 3 Unt1/2” 3 Upt1/2 n
Mabe + Mpce Mdae T Mdec
+ — 3 n+1/2 Sx, + — 3 n+1/2 o)
Me b Me . d
T Va2 0%t Vg p 0T, (73)
Thus, the update algorithm at step ¢, :
M (f1js = Vi) = At(FG—T)) (74)
M (Vinje = Erje) = O(FG - Tf) (75)
b b Me . a a
My 112 — M, Un 127 5 Untr/2 T At (Fy — Ty) (76)
d ,d Me e d d
Mn+1”n+1/2 M Un 127 o Unti1/2 = At (Fn - Tn) (77)
Due to the choice of the mid point on the edge and linear elements, the position of the new
b d
node at time level n can be assigned as z, = % Thus the velocity of the new node (also

the velocity of the tetrahedron acbd) becomes :

e 1 b d
Upt1/2 ) (Un+1/2 + Un+1/2) (78)
Thus a 2 x 2 system of equation is obtained, to be solved, to obtain the other velocities.
b
Misg ame i e | o | Qe s BT
gMe My + gme Unt1/2 Myvg ), Fy - T,
(79)

The update at equations at n+ 1 are unchanged. The momentum within time step ¢,, and ¢,
iS (DQLn1n+1):

Pn,nJrl - Z n,n+1 (80)
P, ntl = Mn+lvn+1/2 v
Hyny = Z mi-‘,—l X Pi,n-l—l (81)

J

Copyright (© 2008 John Wiley & Sons, Ltd.
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18 S. K. LAHIRI ET AL.

3.83. Node Movement

In order to derive the update equations for node movement, the mapping of the present (spatial)
configuration to the reference (material) configuration, is revisited. An arbitrary intermediate
configuration (¢, n) is introduced, as shown in Fig. 5, as is typically done in the case of Arbitrary
Lagrangian and Eulerian formulation. The relations between the true and the observed velocity

Y

X
X
N ¢ = Qo l.IJ
&
Figure 5. Understanding node movement with an intermediate mapping.
fields can then be written in the following manner:
0 0
truevelocity : v = B_Qt: - = % (X,1); (82)
0 0
observed velocity : v = ar = =& 1); (83)
ot £=const. ot
0X 0
meshvelocity : V. = ¥ — = 5% (&, 1); (84)

The true velocity v can be related to the observed velocity v in terms of the mesh velocity V,
using the deformation gradient:

dr Oz n Ox dX
d ot 0X dt
v = v + FV (85)
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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VARIATIONAL MESH ADAPTATION 19

The Kinetic Energy can then be written as:

At

Kn,nJrl (mn; "BnJrl) = 7 Z M£+1/2v£,n+l ! vﬁ,nJrl (86)
p
where:
MP _ ! MP + MP 87
n+1/2 5 ( n T n+1) ( )
V1 = ”5+1/2 - F} V5+1/2 (88)
1
”Z+1/2 N (z)1 — 2F) (89)
1
Vf+1/2 - At (X7€+1 - Xﬁ) (90)
NEF,dV
F) = (%) (91)
Ty, NRAV

The deformation gradient F',, as used in equation 88 is evaluated at time level n in order to
make the update explicit. The corresponding equilibrium equations are (for any generic node

Figure 6. Space-time volume for node movement.

p, and its neighboring nodes s):

Mp+1/2'v5,n+1 - M? 1/2’”5—1,11 = _AthZZ,n+1 + At (FTI; - szz)) (92)

n n—

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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20 S. K. LAHIRI ET AL.

where:
1
”ﬁ,nﬂ N [(mﬁﬂ - mﬁ) - Fy (Xﬁﬂ - va)] (93)
ma
Qnnp1 = Z %1/2 (1’3,n+1 ® szl,nﬂ)/ poNy Vo N7 dV (94)
a=p,s n 0

In the case where neighboring nodes, s, remain fixed i.e. (V5,11 = 0 ) and the total patch

mfz+1/2 _ 1)

volume Vj remains fixed (implying —-> , the expression for Q7 ., becomes:

Qnni = (”£,n+1®vf,n+1)/vPONﬁvoNﬁdV = 0
0

Since the integral fVo PoNEVoNPdV becomes zero for an internal node, for uniform density.
Thus the update step for the node to be moved (p) becomes:

My oV gy — MY oy = AL(F] = T7) (95)

n—

And for the neighboring nodes (s), the update step becomes:
My o0 1 — My _10vp 1, = —AtQp 1 + AL(F; — T) (96)

(V) g1 ® Vf,nﬂ)/ pPoNENV o N dV (97)
Vo

s
n,n+1

The momentum within time step ¢, and t,11 i (D2Lp nt1):

Pnpi1 = Z P] i1 (98)
J
1 n+1/2 4 .
P = M / ”rJL+1/2 A
Hyny = Z mi-‘,—l X Pi,n-l—l (99)
J

3.4. Edge Collapsing

Edge collapsing operation is approached by visualizing a generic patch of elements, as shown in
Fig. 7. In the triangular element arb, the edge ab is wished to be collapsed, leading to removal
of the triangles arb and abs. The points a and b, belonging to time level n, is substituted by
the new point ¢ at time level n + 1 as shown.

The space-time volume as shown in Fig. 8 is the volume over which the Lagrangian is to be
computed. To do so, the space-time volume is sub-divided into tetrahedra. There are mainly
three types of tetrahedra as shown in Fig. 9. The first type (I) encloses the volume arbsc.
Then based on the surrounding nodes there are two types of tetrahedra, as shown in Fig. 9.
The tetrahedra having a or b as one of the vertices and the surrounding nodes from time level
n and n + 1, are labeled type (II). The tetrahedra having ¢ as one of their vertices and the
surrounding nodes from the time level n + 1 and a or b as the fourth node, are labeled type
(IIT). The location of the new node ¢ is chosen to be a linear interpolation of the locations of
nodes a,b and 7.

Xopn = EXP+nX +(1-E-n)X; (100)
@, =z oz, +(1-E-n)z; (101)
Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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VARIATIONAL MESH ADAPTATION 21

Figure 8. The space-time volume for Edge collapsing operation.

The Kinetic Energy Integral and the velocity interpolation within the tetrahedra of type (I)

Copyright © 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2008; 00:1-39
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Interior tetrahedra

Surrounding tetrahedra

Typelll

Typell

p

Figure 9. The subdivision of the space-time volume into different types of tetrahedra.

can be written as follows:

At m?
I a c c
Ky = 35 3 : Up+t1/2 " Unt1/2 (102)
May, = Mgy + M
. xy o — Sz + ) + (1 - —n)x)
Un+1/2 = Al (103)

Similarly the Kinetic Energy Integral and the velocity interpolation within the tetrahedra of
type (II) can be written as:

At
11 _ n ,,9i gi
Kyns1 = 5 Mg Unt1/2 " Unt1/2 (104)
9i  _ Gi
T X
i _ n+1 n
Un+1 /2 At (105)
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VARIATIONAL MESH ADAPTATION 23

where the index g; is the overall index of all the neighboring nodes, ordered as (g; = 7, ¢;, 8, p;)-

The velocity in the tetrahedra of type (III) is not straight forward, since there is no common
node in each tetrahedron. Hence the full expression of the velocity (described previously) is
used.

9gi q¢+1 a
,Ugigz'+1a0 _ Agi+1acmn+1 + Agiac + A 9iCGi+1 n+1 Agiagi+1 Ty (106)
n+1/2 -
/ 6V igi+1ac
gi(I1I) gigi+1ac  gigit1ac
Kn,n-i-l - m9191+1acvn+1/2 n+1/2 (107)

This makes the algorithm very complex. In order to simplify the algorithm, an approximation
is made. The Kinetic Energy Integral from each of the tetrahedra, of type (III), are added
together, and the sum is expressed by the following approximation :

J(I11 At .
ZKZ,7(1+1) = Tmcﬂ n+1/2 ° Unt1/2 (108)
9gi
* 1 * b
vn+1/2 = W m. n+1 + Z Amgz n+1 m :E — My, (109)
mi = m't— —3‘“’ (110)
Amg, = mptt—mp (111)
m;: = m:zl - n;ab + Marcs (112)
mz = m;)l - n;ab + Mbscr (113)

Where Mg, cs and My, are the masses enclosed within arcs and bscr respectively. Note that
Amyg,, m; and m; can be expressed as linear functions of { and 7. The velocity v}, /2 is a
weighted average of the velocities of all the tetrahedra of type III as calculated in equation 106.
In addition, since the neighboring nodes are not moved, nor are any neighboring edge allowed to
be collapsed, the mass m”™! is known apriori. Thus the net Kinetic Energy integral becomes:

_ I II 111
Kn,nJrl - Kn n+1 + Kn ,n+1 + K

n,n+1
At"nab At n+1
= 573 Viyi2 Unyie T 5 e Vni1/2 " Uni1)2
+ Z_mgz”n+1/2 ”511/2 (114)

Using stationarity wrt. x,, the equilibrium equations obtained at time level n are as follows:

(V gi #7) Mg, Vplage — Mg, Uiy = At (B -T7) (115

(1-&-mn) mTZb ’Uﬁ+1/2 + my 1’;Jrl/z - m '”7:—1/2 = At (F, - Ty) (116)

€T Wy bWl gy — My = At (FE-TE)(17)

n ngb Urcl+1/2 + my U;+1/2 — my 1’371/2 = At ( Tb) (118)
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Here, a new variable R/ is introduced, where

(V j = gi,a,b) R), = mj vl _, ,+At (F)—Tj) (119)
Note that R} is known apriori. Hence the set of equations, can be rewritten as:
Catn) o, = R (120)
(1-&—mn) ﬂ;;lb Vypre T M Vs = Ry (121)
A R Y (122)
n mTZb Uﬁ+1/2 + my 1’;+1/2 = RZ (123)

Note here that Eqn. 120 is fully explicit, hence, 7’ , for all g; except r are known. Now
revisiting Eqn. 109 one can rewrite the expression for v, , using Eqn. 121 as:

+1/
Ur>:+1/2 = Sm(&n)vﬁﬂ/z + W(&n) (124)
1 )
WEn) = S | 2 Amg il — mom = mim, +mia; + Amrwy’{]
= Wo+¢& Wet+n W, (125)
where,
Ziy = aly (Vgi #71)
At R
= T (gi=r)
mn 3m*m”
Sm , — ab c’’'n (A . 1—¢—
€n) = gt |2 (Am (1 g )

= So+SiE+ S+ SZE 4 Sin 4+ SE,én (126)

Note that the vector coefficients ( Wy, We, W,)) and the scalar coefficients (So, Sgl, S%, 5'52, S%, 55277)
are known apriori. Using Eqn. 124 in Eqns. 122 & 123 the two equations are rewritten as:

Ka(ﬁﬂ?) ’l);+1/2 + mZ(@??) W(fﬂ?) = R;lz (127)

Ky(&m) vy + mpl&m) W(Em) = Ry (128)

where,
Ku€n) = €75 4 mi(6,n) Sn(En) (129)
Kof&n) = 0 " 4 mi(En) SmlEon) (130)

from both the above equations, the following equations are obtained:

Rgz — m;;(gan) W(§7 77)

o .
Now, eliminating vy /2

vrcl+1/2 = Ka(é.; ,,7) (131)
Kb a * *
f(§7 77) = ? (Rn - Mg W) + ( my, W — Rfl) = 0 (132)
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Thus, a simple vector equation (132) is obtained, which is used to determine the scalars £ and
1 by which, the position of the new node c is determined. This is a coupled quadratic equation
which is solved by iteration. A simple Newton iteration leads to quadratic convergence. This
leads to the position of the new node (X, ) to be a solution of the local equilibrium. Edge
ab is collapsed only if the node c lies within the area included by all the surrounding nodes g;.

Once the position of the node c is obtained, the velocity updates are obtained through simple
explicit equations mentioned above (131,124 and 121). The position updates are obtained by

the Eqns. 103 & 105. The momentum conserved in this time-step is of the form:

Pinin = > Pl (133)
J
Pl = mfz”rjz+1/2 + Amj?sﬂ/zv . for j = g; (134)
7 %mgbvi+l/2 + (Mg — Tab)"’sﬂ/z’ for j =c
Hy 1 = Z ‘Bi+1 X Pi,n+1 (135)
J

Similar to the previous time-step, using stationarity wrt. @,+1, the equilibrium equations for
the next time step t,,4+1 are obtained. The final update equations are:

mgfﬂ"’ﬂﬂ/z —my vsz/Q —Amg vy, = Al (Fiiy — T7y)  (136)
1 mih ..
m%ﬂ"’ﬁﬂ/z - ngb'”ﬁH/z = (myqy — —3ab)"’n+1/2 = At (Fg,—Thyy) (137)

4. Error Estimate and Adaptation Criteria

Using the mesh adaptation procedures, explained so far, an effective mesh-adaptive solver can
be implemented which is momentum conserving. In order to develop a mesh adaptive solver,
a suitable mesh adaptation criteria, based on error estimates was used. A gradient-type error
estimate described by Zienkiewicz and Zhu,[46, 47] (commonly known as Z? error-estimate)
was used. The stresses in each element, and its neighboring elements, were used to obtain
a “recovered stress” at the element. The difference of these two stresses leads to the error
estimate at the element. The details of this error estimate can be found in [59]. Elements with
high values of this error, were chosen for adaptation.

Mesh adaptation was performed as a sequence of all the mesh operations (diagonal swapping,
edge splitting, edge collapsing or node-movement) in tandem. Each mesh operation involved
two timesteps (t,, — tn41) and (t,41 — tp42). Only one type of mesh operation was attempted
within each pair of timesteps, over the whole mesh. Mesh operations were attempted after
constant intervals (number of time-steps).

At the beginning of each mesh operation, a simple non-adaptive update was conducted. Then
based on the error-estimate, elements were chosen. Using the element connectivity information,
a local patch, associated with the chosen element was identified. Any other element touching
this patch (sharing a common node) was restricted from that mesh-operation in that time-
step. Within the element, edge-length-ratio of each edge (n;) was obtained by the relation

(771' = szlf'lj ), l; being the length of the i*" edge. The edge-length-ratios varied from 0 to 1.
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Values close to zero or one, indicated distorted elements. Edges, with such extreme values of
edge-length-ratios, were collapsed, split or swapped. Edges with edge-length-ratios close to 0,
were collapsed. Edges with edge-length-ratios close to 1, were swapped or split. The minimum
edge-length-ratio for collapsing or the maximum edge-length-ratio for swapping or splitting
were threshold values chosen for each problem.

In case of node movement, a local patch of nodes were considered, and the average (centroid)
location of the nodes and the deviation of the node from the average location was calculated.
For higher deviation values, the node was moved towards the centroid.

1000 1002 1006 1010 1014

itotetetetel
s
iosssssissd
s
g | = B | BEEE L L | e
sl
iosssssissd

e
Rxed

I:I Time step with no mesh change
Diagonal Swapping

Node Movement Sequence
repeated once,
Edge Splitting every 1000 steps

Edge Collapsing

Figure 10. Mesh adaptation operations conducted in tandem, each operation requiring a pair of time-
steps.

Diagonal swapping, node movement, edge-splitting and edge-collapsing were attempted in
this sequence at every subsequent (or alternate) timestep pair, as shown in figure 10. Based
on resolution requirements, the lowest (finest) hierarchical level of the grid was prescribed, in
order to prevent over-refinement. The zero’th (coarsest) hierarchical level elements were not
removed, in order to prevent over-coarsening. Typically the threshold values for edge-length
ratios, maximum hierarchical levels and the frequency of adaptation were specified as input
parameters for each operation.

The adaptation criteria used for the present mesh operations were chosen for their simplicity
of implementation. Further development of the mesh adaptation criteria, is required for generic
cases. In the next section, performance of the final mesh-adaptive solver is demonstrated using
examples from rapid dynamics of hyperelastic bodies. The purpose behind these examples is to
demonstrate that the updates developed in the previous sections are momentum conserving.
Such mesh adaptive time updates can be implemented with different mesh-adaptation criteria,
with very less additional computational expense.

Time integration was performed such that the entire mesh was kept at the same time level
(synchronous integration). The critical characteristic mesh size, h, was chosen as the smallest
radius of the inscribed circle in each element. The time step was calculated based on the
characteristic mesh size, maximum wave speed ( Vmax = v+ a, with a being the fastest wave
speed in the material and v is the maximum velocity in the mesh ) and the CFL (Courant-
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Friedrichs-Lewy) number, v, as:

h

Umax

At = v (138)
CFL number’s typically ranged for 0.1 to 0.4 for the following examples. Lower CFL numbers
are commonly encountered in more complex rapid dynamics problems.

5. Examples

5.1. Spinning Plate

A unit thickness square plate, spinning without any constraint, was considered as a test case
to illustrate the conservation properties of the proposed mesh adaptation procedures. The
plate was made out of nearly incompressible rubber material with material properties, viz.,
Young’s Modulus E = 1.7 x 107 Pa, Poisson’s ratio v = 0.45 and density p = 1.1 x 103 kg/mg.
The plate rotated at 1000 RPM. The plate was meshed with 200 equal linear triangular

p P
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Figure 11. Example 5.1 : A Spinning plate simulation with adaptation.

elements as shown in Figure 11 (left) which also shows the pressure distribution at a given
instant (right). The simulation was conducted using a mesh-adaptive solver, using all the above
mentioned, adaptation procedures viz., diagonal swapping, node movement, edge-splitting and
edge collapsing as explained in the previous section. Figure 11, demonstrates how the mesh
was refined where the mesh skewness and stresses were relatively larger. The linear momentum
P,, 11 and angular momentum H,, , 41 are expected to remain constant during the time
integration. The center of mass was initially at X = 0.5, Y = 0.5, and as a consequence of
conservation of linear momentum P,, 41, remains at the same location.

The momentum remains conserved exactly, throughout the simulation as shown in figure
12. A zoomed in plot depicts the variations of momentum at a smaller scale, which are of the
order of the machine precision and remains bounded over the entire simulation. The momentum
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Figure 12. Example 5.1: Linear and angular momentum history. The figure at the right shows the
same plot of linear momentum at a smaller scale.

calculated in each step was based on the P, 1 and H,, 1 expressions described in each of
the adaptation procedures previously. The center of mass remains at (0.5,0.5) as shown in figure
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—— —- y.CM
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B [
P [
5 o4f
C
02
ok

ool v bbb 1)

0.05 0 0.05 0.1 0.15 0.2 0.25
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Figure 13. Example 5.1 : Location of center of mass.

13. Viscous stabilization as described in [59], was used to dissipate error accumulation over
several time integration steps. Energy history, as shown in figure 14, shows very less energy
dissipation in this case. Figure 14, also shows the adaptation history, with the cumulative
number of operations conducted and the total number of nodes and elements at each instance
of time during the course of adaptation. Figure 15 shows the behavior of the error (as compared
to the error in the finer mesh) with mesh size and the relative computational time involved.
The mesh size for the adapted solution was taken as the mean of the coarsest and finest mesh
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Figure 14. Example 5.1 : Energy history (left) and Adaptation History (right).
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Figure 15. Example 5.1 : The figure in the left shows the error behavior with mesh size. The figure in
right shows the computational times for each of the computations.

size within the adapted solution. It is shown through figure 15 (right), that error-reduction is
accomplished using mesh-adaptation with low additional computational costs.

5.2. An oscillating Ting

A unit thickness circular ring, made up of nearly incompressible hyperelastic material (rubber)
(E =1.7%x 107 Pa, v = 0.48 and p = 103kg/m®) is initially stretched to 1.5 its diameter and
thereafter let to oscillate freely. This was chosen as another test case to study the momentum
conservation property of mesh adaptation. The initial configuration of the ring is shown in
figure 16 (left). The ring was stretched as shown in figure 16 (right), at time ¢ = 0 and
thereafter let to oscillate freely. The simulation was performed up to time ¢ = 0.2s, involving
24410 time steps, with mesh adaptations at every 1000 steps.

Figure 17 - 18 show the spatial (deformed) configurations at intermediate time steps. Linear
and Angular momentum remains conserved throughout the simulation. The center of mass
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Figure 16. Example 5.2 : Ring at time ¢ = 0 s, with material(left) and spatial(right) configurations.
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Figure 18. Example 5.2 : Ring at time ¢
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remains at the same location. Viscous stabilization as described in [59], was added to reduce
the error accumulation in the solution, which does not affect momentum conservation. The
energy history and a close-up view are shown in figure 19. Energy spikes are observed in
between the adaptation time-step pair, as shown in the close-up view. The energy at the
beginning and end of the time-step pair remains well behaved.

L L L L b b b b b b b e b by
-5 0 5 10 15 20 25 75 8 85 9 95 10 105 11 115 12
time time

Figure 19. Example 5.2 : The figure to the left shows the total energy history of the ring. The figure
to the right shows the close-up view depicting energy changes during the step

5.3. A Tensile test case

Next, a tensile test case is presented. This test case was chosen to observe the momentum
behavior in presence of external forces. In order to demonstrate the exact conservation of
linear and angular momentum, a modified measure of momentum is calculated.

5.8.1. Modified Momentum The measure of the modified momentum can be computed from
the basic idea of measuring the momentum, in absence of external forces. Subtracting the
effects of external forces from the actual momentum, the following measure is devised.

n

o = P =Y [( / Pogndvo) " ZRZH] Aty (139)
Vo

0 acl’
v/w+1 = Hypi1— Z [(/ PoLy X gndVo) + Zmn X R;‘Hl] At, (140)
0 Vo a€el

Where g, is the external acceleration, (say gravity etc.), and is computed, like the external
forces are computed, (actually external force vector could also be used), while the external
nodal forces, R, can be obtained while applying the boundary conditions. The modified
momentum thus obtained is expected to remain conserved, in spite of presence of external
forces. The conservation of modified momentum described above is not derived from the
variational principle, but a means to study the momentum conservation property of the
method, for problems where the total momentum is not conserved.

In the Figure 20 a square steel plate, with material properties (E = 2.1 x 10! Pa, v = 0.3
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and p = 7 x 10® kg/m3) is pulled rapidly by wvpun = 40m/s at its top surface, and reaches
thrice its length within 0.05seconds.
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Figure 20. Example 5.3 : A Tensile test specimen (left) pulled to thrice its length (right).

Mesh adaptation was employed in the simulation, and the net momentum was conserved as is
shown in Figure 21.

0.4

Momentum

-0.2

0 I S S WA W S|
'-?).01 0 0.01 0.02 0.03 0.04 0.05 0.06
Time.

Figure 21. Example 5.3 : The Modified Momentum history for the Tensile test

5.4. A Punch test

Similar to the tensile test case another test case as that of a punching problem was considered.
A flat square plate of unit length was constrained from the bottom and sides and punched into
the top half with a prescribed punch velocity (vpuncn = 2 m/s) as shown in Figure 22. Here
a nearly incompressible rubber plate was chosen with material properties, (E = 1.7 x 107 Pa,
v = 0.450 and p = 1.1 x 103kg/m®). The deformed configuration at ¢ = 0.25s is shown in
Figure 23.

The Modified momentum remains conserved as shown in the figure 23.
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Figure 22. Example 5.4 : A schematic figure of the punch test case, showing boundary conditions.
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Figure 23. Example 5.4 : Mesh adaptation for a punch problem and the momentum history.

5.5. Plate Impact

In this example a plate impacting a rigid wall is shown. The Taylor Bar impact (TBI) is a
standard benchmark in rapid dynamics problems involving large deformations. The standard
TBI problem involves plastic deformations of a rod, impacting a rigid wall. In this case a plate
impacting a rigid wall is considered. Since only hyperelastic materials have been considered in
this paper, a modified TBI problem is presented where the constitutive relations are based on
hyperelastic behavior.

In this case, a plate of length L = 32.4mm and width w = 6.4mm impacts the rigid
wall with a velocity of 227m/s. Using symmetry, only half of the plate is considered with
appropriate boundary conditions, as shown in figure 24. The contact boundary conditions are
simply implemented by calculating the penetration of the plate node through the wall (at
y = 0). A contact force based on the nodal mass, penetration and the time step is applied to
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the node:
nt1 = wﬁuﬂl - m*ZH (141)
Ve = Vngipt Z—J;l (142)
R’ = me,, = 143
n+1/2 Mpt1 AL2 (143)
M, = x xR, (144)

where quantities marked with asterisk are uncorrected quantities. The reaction force R} /2

and the reaction moment M7, /o are added to the net external force and external moment
for calculation of the modified momentum in equations 139 and 140 respectively.

w
’-_-‘7 b
v H L L

Figure 24. Example 5.5 : Schematic diagram of the plate impact problem.

The material properties of the plate were (E = 5.85 x 108 Pa, v = 0.495, p = 8930 kg/m").
The plate was discretized using 200 elements and the solution was computed for 194us. Figures
25 to 28 show the solution of the deformed plate at various time instants. The mesh gets refined
in the regions of high error (Z? error) and high mesh skewness. Figure 28 shows adaptation
near the contact where the mesh undergoes the most skewness. The plate touches the wall at

P P
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Figure 25. Example 5.5 : The plate at t = 30 us (left) and ¢ = 60 us (right).

14 ps. In figure 25 the plate is shown to collide with the rigid wall within the first 30 us where
the body distorts at the contact of the wall. With further motion until 60 us, the mesh distorts
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inside, where the mesh is adapted. All the kinetic energy of the plate is almost converted to
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Figure 26. Example 5.5 : The plate at t = 90 us (left) and ¢ = 120 us (right).

internal potential energy by 90 us, almost sticking to the wall, as shown in figure 26. At 120 us
the plate begins to spring back in the opposite direction (reaction). The plate springs back
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Figure 27. Example 5.5 : The plate at ¢ = 150 us (left) and ¢ = 180 us (right).

until 150 us, where it undergoes large necking type of deformation, where meshes are adapted
as shown in figure 27. At roughly 180 us, the plate leaves the rigid wall (bounce-off motion).
Figure 29, shows the velocity distribution on the deformed plate at the final time step
(194us). Due to the absence of a shock capturing numerical method, spurious modes might
be present in the solution. The modified linear and angular momentum in this case remained
constant throughout the computation.
Viscous stabilization as described in [59], was added to reduce the error accumulation in the
solution. The total energy history as shown in figure 30. Energy spikes are observed in between
the adaptation time-step pair, as shown in the close-up view. The energy at the beginning and
end of the time-step pair remains well behaved.
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Figure 28. Example 5.5 : Deformed configuration of the plate at ¢ = 194 us (left) and the corresponding
mesh in the reference configuration (right).
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Figure 29. Example 5.5 : The velocity (m/s) distribution at ¢ = 194us.

6. Concluding Remarks

In this paper variationally consistent time updates for local topological changes have been
developed. The methods have been formulated using the space-time discretization described
in section 2. These updates have been implemented in tandem to develop a simple mesh
adaptation algorithm. A simple mesh adaptive criteria based on the Z?2 error-estimate has been
used. The mesh adaptation algorithm thus obtained, is shown to conserve linear and angular
momentum. In cases of external forces, a modified momentum is used to demonstrate the
conservation of momentum. Simple cases of rapid dynamics have been chosen to demonstrate
the application of such methods. The existing adaptive procedures are explicit, and cause no
significant extra expense over the standard explicit (central difference) scheme. Clearly, further
work is required to augment the use of the algorithm to more complicated problems, where
severe mesh distortions are encountered. Better mesh adaptation criteria would be required, to
make the adaptation more effective. In those rapid dynamics problems where velocities exceed
the material wave speeds, special shock capturing methods are required. Momentum conserving
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Figure 30. Example 5.5 : The figure to the left shows the total energy history of the plate. The figure
to the right shows the close-up view depicting energy changes during the step

mesh-adaptive updates along with such methods could be considered in future developments.
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