Hypergeometric Shell Model
Mark Drela

MIT Department of Aeronautics & Astronautics

Contents
1 Method Overview
2 Geometry

3 Stress Resultant Integrals

3.1 Resultant Definitions . . . . . .. .. .. .. .o oo
3.2 Thin-Shell Approximations . . . . .. . .. ... ... ... ......
3.3 Stress Tensor Decomposition . . . . ... ... .. .. ... ......

4 Shell Momentum Equations

4.1 Local Momentum Conservation . . . . . . . . . . . ... ... .....

4.2 Weighted-Residual Shell Momentum Equations . . . . ... ... ...

5 Surface Coordinates

5.1 Basis Vectors . . . . . . . ...
5.2 Tangential Gradient . . . . . . ... ... .. L L L.

6 Strains

6.1 Strain Tensor Decomposition . . . . . ... ... ... ... .. ....
6.2 In-Surface Strain Tensor . . . . . . . . . . . . ..
6.3 Transverse Strains . . . . . . . . . ... e e e

7 Constitutive Relations

7.1 Stress-Strain Relations . . . . . . . . . . ...

7.2 Shell Stiffnesses . . . . . . . ..

8 Finite-Element Solution

81 Global Data . . . . . . . .. ..
82 Nodal Data . . . . .. .. . .
8.2.1 Parameters . . . .. . .. ...
8.2.2 Unknowns (primary variables) . ... ... ... ... .....
8.3 Element Interpolation . . . .. ... ... ... .. ... ..
8.3.1 Bilinear interpolation . . . ... . ... ... ... .......
8.3.2 Biquadratic (HSM) interpolation . . . . . .. .. ... ... ..

2 Aug 2019



8.3.3 Membrane and bending strain interpolation . . . . . .. ... ...

8.3.4 Director lean interpolations . . . . . . . . ... oL oo
8.3.5 Rotated nodaldata. . . . ... ... . ...
8.3.6 Interpolated data . . . . . . . . . . . ...
8.3.7 Strains and stresses . . . . . .. ..
8.3.8 Other derived data . . . . . . . . . ...
8.4 Equation Residuals . . . . . . . . ..
8.4.1 Residual weights and integration . . . . . . . ... ... ... ...
8.4.2 Momentum residuals . . . . . . . .. L
8.4.3 Angular momentum residuals . . . . . . .. ..o Lo
8.5 Edge Loading Boundary Conditions . . . . .. .. ... ... ... ... ... ...
8.5.1 Edge interpolation . . . . . . . . ...
8.5.2 Loading boundary condition axes . . . . . . . . ... ... L oL
8.5.3 Edge loading boundary condition data . . . . . . ... ... ...
8.6 Variable and Residual Projection Vectors . . . . . .. ... ... ... ... ... ..
8.6.1 Projection vector definitions . . . . . . . . ... oo
8.6.2 Variable projection . . . . . . ...
8.6.3 Residual projection . . . . . . . . ..
8.7 Geometry Boundary Conditions . . . . . . . . . . . .. ...
8.7.1 Dirichlet boundary condition data . . . . . . ... ... ... oL
8.7.2 Target equations for Dirichlet boundary conditions . . . . . . .. ... .. ..
8.8 Node Joining Conditions . . . . . . . . . . . . e
8.8.1 Force and position matching . . . . ... ... ..o
8.8.2 Moment and angle matching . . . . . ... ... ... L.

9 Newton Solution

10 Unsteady Extension

10.1 Unsteady Variables and Equations . . . . . . .. ... ... ... ... ... ... .
10.2 Time-Marching . . . . . . . . . o L o
10.3 Perturbation Analysis . . . . . . . . .
10.3.1 Bode analysis . . . . . . . . ..
10.3.2 Eigenmode analysis . . . . . . . . ... o

11 Post-Processing Calculations

11.1 Deformed-Geometry Nodal Basis Vectors . . . . . . .. .. ... ... ... .....
11.2 Nodal Strain and Stress Resultants . . . . . . . . . . . . . . . . .. ... ...

33

35
35
36
36
36
37



11.3 Maximum Strain and Stress . . . . . . . . . . e 41

12 Stiffness Matrix Specification 42
12.1 General and shell constitutive relations . . . . . . . . ... ... ... L. 42
12.2 Isotropic material properties . . . . . . . . . . . ... 42
12.3 Orthotropic material properties . . . . . . . . .. ... Lo 43
12.4 Resultant stiffness matrix calculation . . . . . . . . ... ... 0L 43

12.5 Lumped-structure shells



1 Method Overview

The earliest numerical solutions of shell problems with general geometry treated the shell elements
as degenerate 3D solids, such as the pioneering work of Ahmad, Irons, and Zienkewicz [1]. These
circumvented the complexity of global curvilinear coordinates [2] by formulating the problem in
3D cartesian space with the node position vectors r as primary unknowns, and with the transverse
material fiber direction represented by a material quasi-normal vector (or director) d which is
another primary unknown. However, the early formulations suffered from shear locking, where the
transverse shear strains resulting from the r and d fields could not be correctly represented in the
thin-shell limit. Large solid-body rotations were also not captured exactly.
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Figure 1: Shell geometry defined by deformed and undeformed position vectors
r,ro relative to body frame. Anisotropic shell properties are defined along local
€0,,€0,, 0o basis vectors. Shell velocity u and rotation rate w relative to body
frame, and body-frame velocity U(t) and rotation rate €2(t) relative to some inertial
frame are used in dynamic problems. All vectors are defined via components along
global xyz axes.

More recent shell mode developments, such as those of of Dvorkin and Bathe[3], sidestep the shear
locking problem by representing the transverse shear stress field indirectly via a special interpolation
scheme from the edge midpoints (not nodes) of a quadrilateral element. The further development
of Simo et al [4],[5] further refined this model with a geometrically-exact treatment valid for large
shell curvatures. Talamini [6] developed a Discontinuous-Galerkin version applicable to quad or
triangular elements. Ibrahimbegovié[7] formulated a similar with an added drilling degrees of
freedom.

The present Hypergeometric Shell Model (HSM) combines the existing shell methods with a higher-
order treatment of the local shell curvatures, and also includes local drilling rotation angles for a
higher-order treatment of the membrane strain field. The stiffness properties are defined in the local
orthonormal basis formed by the undeformed geometry’s normal vector ng and in-surface vectors
€0,,€0,.- The latter can have any orientation, thus simplifying the specification of anisotropic
materials independently of the discretization. The corresponding n, €1, € of the deformed geometry
are also computed, and serve as the basis for the vector and tensor outputs of the solution.



2 Geometry

The reference surface (e.g. inner, interior, or outer surface) of the deformed shell geometry is defined
by the body-frame position vector r(¢,n), while the specified undeformed geometry is defined by
ro(¢,n). The third material coordinate ( is defined normal to the undeformed reference surface, but
will tilt off-normal in the presence of transverse shear strains.

As in most other shell methods, a primary unknown in HSM is the quasi-normal vector (or director)
d(¢,n) which lies along the material coordinate ¢, and gives the position r’ of a general point off the
reference surface.

r'ene) = r+ ¢d (1)

The position, velocity, and acceleration of the reference-surface material point r relative to the
inertial earth frame are

R = Rg +r
V = U+ u+ Qxr
a = U+ ua+ QOxr+ Qxi + QxV
= U+ QxU+u+ Qxr + Qx(2xr) + 2Qxu

where u = 1 is the velocity of point r in the zyz body frame. The absolute position, velocity, and
acceleration of the general point r’ off the reference surface are in turn given by

R = R +¢d (6)
V= V +(V; (7)
ad = a+ Cac (8)
Ve = (Q4w)xd (9)
a; = (Q+w>x&+ﬂx<ﬂx&> +w><(w><&) +29><(w><él) (10)

where w = d xd + &1/1 is the rotation rate vector of the reference-surface-point r relative to the
body frame, and V; and a; are the transverse velocity and acceleration gradients.

3 Stress Resultant Integrals
3.1 Resultant Definitions

The integral linear and angular momentum equations for a shell will involve the following mass, in-
ertia, stress, and stress-moment resultant integrals over the shell thickness, which are then functions
of the surface coordinates &, 7.

Ctop Ctop Ctop
pen = [pdc e = [ pcde o wem = [ pcac ()
Cbot Cbot Cbot
_ Ctop Ctop
fem = / cd¢ ,  mEn = / o ¢ d¢ (12)
Cbot Cbot

Note that d x m is the actual conventional force-moment vector (per unit length).
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Figure 2: View through thickness of shell showing material-point position r’,
reference-surface position r, and material quasi-normal d, Edge boundary condi-
tions are defined using edge unit normal vector t.

A more exact treatment, such as that of Simo et al [4], defines the resultants implicitly by

Ctop _ Ctop Ctop
wJ z/pJ’dC ., f-a%J :/a-a’O‘J’dC , m-a*J :/a.a’“J’ch (13)
¢ ¢ ¢

bot bot bot

where the a® (o = 1,2) are the contravariant basis vectors normal to the £ and n¢ surfaces,

~

J = aj; xag - d is the coordinate Jacobian, and () denotes a quantity off the ( = 0 reference
surface. The considerable complications of this more exact treatment will be avoided here by using
the simpler definitions (12), which are seen to assume J' = J and a’ = a.

At a shell element edge with unit edge-normal vector t as shown in Figure 3, f -1 is the overall
edge traction force/length vector, and d x m - t is the edge bending moment/length vector. Also
appearing will be the net top—bottom surface traction stress and stress-moment,

qéEn) = 8'top . fltop + (ZTbot . IAlbot (14)

TEn = Ctop 8'top : fltop + Cbot 8'bo‘c : flbot (15)

although in the thin-shell limit the moment (per area) T will be assumed negligible.

3.2 Thin-Shell Approximations

In the thin-shell approximation the shell thickness h is assumed to be much smaller than a typical
shell dimension /¢, so that the shell is idealized as a surface with a vanishing thickness, as sketched
in Figure 3.

Ctop_Cbot =h </ (16)

One consequence is that the torques of linear and angular accelerations acting on the mass-moment
and transverse moment of inertia can be assumed to be negligible.

s(g—a) ~0 , tw ~ 0 (17)

Furthermore, the transverse normal-stress resultant and all the transverse stress-moment resultants
will have a negligible effect on the overall shell momentum balance, and can be dropped.

fnn ~0 , M1p, M2p, Mpn =~ 0 (18)



We will also assume that the shell thickness variations are small, |6h| < 1, so that the top and
bottom surface normal vectors are nearly anti-parallel, i.e. 1 = fp = —Apee. The loading (14)
can then be defined using only the reference-surface normal vector i, and the moment loading (15)
is assumed negligible.

qEn) =~ (a'top - 5'bot) il (19)
TEn) ~ 0 (20)

— Opot * Npot

Figure 3: Shell element volume used to formulate integral momentum equations for
the shell’s idealized zero-thickness representation on the right. Tractions on volume
surfaces become net force loading q on the shell area and force loading f - t and
moment loading d x m -t on the shell edges. In-surface constitutive relations are
defined along the in-surface basis vectors €1, €s. Discretization will be performed
using local element coordinates &, 7.

3.3 Stress Tensor Decomposition

The shell stiffness properties will be specified in the chosen local orthonormal €y basis. The stress
integral resultant tensor is therefore decomposed as

f = fg+ fp (21)
where ?g is the in-surface stress part and ?T is the transverse shear-stress part. We then have

fs = fnié1ér + fia(é1é+éxé1) + frnéré (22)
fr = fin(é1n+né) + fo, (€204 néy) (23)
where each vector dyad denotes the usual outer product, i.e. &€ €3 = €& é-2r = €1® €9. The remaining

fnn N1 transverse normal-stress part is omitted, since this is assumed negligible within the thin-
shell approximations.



The stress-moment integral resultant tensor is assumed to have the form

m = mg = my1€ € + mi2(€162+€2€1) + mar€sé (24)

from which my,, moy,, my, are omitted since these are negligible within the thin-shell approxima-
tion. The subscript on mg is therefore superfluous.

4 Shell Momentum Equations

4.1 Local Momentum Conservation

The starting point for the discrete formulation is the 3D momentum equation for a material with
Cauchy stress tensor &, density p, acceleration a’, and gravity g.

V- +plg—a) =0 (25)
Forming r’ x {eq.(25)}, using the identity
'xV.60 = V-(r'x5) + (6-V)xr (26)

and the fact that & = &' and Vr’ = I which make the last term in (26) zero, gives the divergence
form of the angular momentum equation.

V- (r'xo) + pr'x(g—a’) = 0 (27)

4.2 Weighted-Residual Shell Momentum Equations

The integral shell momentum equations are obtained by multiplying equations (25) and (27) by
the weighting function W(¢,n) which is nonzero only over a finite element such as the one shown in
Figure 3. We then combine W with the divergence term, set r’ = r + Cél and a’ = a+ (a¢, and
integrate over the element volume.

///{V-(E'W) —o-VIW + p(g—a’)W} dv = 0 (28)
///{V- [(r+<&) x&W} — (r4¢d) x & - VW + p(r+¢d) x (g_a/)W} v o= 0 (20

The first pure divergence volume integrals are next replaced by area integrals over the perimeter
surface with surface-tangent vector t and area elements d¢ d¢, and over the top/bottom surfaces
with normals +n and area elements d.A. For the remaining volume integrals the volume element is

written as dV = d{ dA.

We next introduce the tangential gradient which excludes any normal component along n,
VW, = VW, — (h-VW,)n (30)

as shown in Figure 4. We can then decompose the second stress terms in (28) and (29) as
-VW = - VW + (- VW;) 5 - n (31)

and we note that the normal components will be very small for thin shells.
The integrations | d¢ across the shell thickness are now carried out, and the q and 7 definitions (19)
are used for the top and bottom surface terms. The fact that W) is defined to not vary in ¢



4
/ Y / / — ,
reference | | DA A / , “-W(En) isosurfaces
surface —) / , nrfd | |
( ‘ ‘
\ / / / | S |
\ vw
\_J / / / / / _
/ / / \: : é’n
/ / / / / /VW/

Figure 4: Weighting function gradient VIW; and tangential gradient %VVZ-, viewed
through the shell thickness.

enables it to be put outside the [d( thickness integrals, so that the y, , ?, m definitions (12)
and (12) can also be invoked. With the choice for W to be the specific W; associated with some
node i, equations (28) and (29) then become the linear and angular momentum residual vectors for

that node.
R/ = ff.fw,-du//—fﬁwidft
(32)
+//[q+ n(g—a) — WC}WMA =0
R = f[axmﬂxﬂ-fw;de+//—(&xm+rxf")-vmdA
(33)

—i—//[ax (T+§(g—a) —Lac) + rx (q—f—u(g—a) —gacﬂmdfl =0

For thin shells the higher-moment 7, ¢, ¢ terms above are very small and can be neglected, although
retaining them causes no complications. Note also that in the absence of rotation, i.e. & = w =0,
we have a; = 0, in which case some of these terms vanish exactly.

5 Surface Coordinates

Quantities in the element surface coordinate basis will use traditional tensor index notation, with
€,m denoted as €!,£2, or compactly as €% with a € {1,2}. Coordinate derivatives will also be
compactly denoted by 9,() = 9()/9£%. Also following convention, vector and tensor covariant and
contravariant components associated with these coordinates will be denoted by subscript and su-
perscript indices, respectively. Vectors and tensors in boldface will indicate coordinate-independent
(invariant) quantities, although in the numerical implementation they are defined via their global
cartesian xyz components.

5.1 Basis Vectors

The covariant basis vectors are the £ and n derivatives of the position vector r(¢,n).
ag(&n) = Oar (34)

These are then used to define the following surface metric, curvature, and director-lean tensors.

Jop = a4 -ag (35)
hog = an-0sd (36)
Iy = a,-d (37)



The metric determinant and its inverse §*° are defined by

g = det(Jop) = G112 — (12)? = |arx ag [? (38)
_1 1T s o

saB — [u } _ 1| 922 912} 39

g ga,B g |:§12 éll ( )

which then give the contravariant basis vectors and the area element.

a® = j§*ag (40)
dA Vg det dg? (41)

We also apply all the above definitions (34)—(40) to the undeformed geometry ro(c®), to give the
corresponding aq,,, §0a5, hoaﬁ, Loy o, ﬁg‘ﬁ , and af. The undeformed area element is d A4y =

Vo d¢* de?.

5.2 Tangential Gradient

The tangential gradient of any scalar quantity on the surface is computed using its coordinate
derivatives and the contravariant basis vectors.

V) = a'd) + a?dy() (42)

Gradients of in-surface vectors or tensors will not appear in the numerical solution method, which
avoids the need to construct basis-vector gradients and associated Christoffel symbols.

6 Strains

6.1 Strain Tensor Decomposition

The strain tensor is decomposed as
E = Eg + €7 (43)
where the in-surface part £€g contains only in-surface components, while the transverse part &p

contains all the normal components.

6.2 In-Surface Strain Tensor

The deformed and undeformed metric tensors give the Green strain tensor components of the
reference surface in the element basis.

ap = 5(Jap — Gons) (44)

For a point r’ at location ¢ from the reference surface r(¢«), along the material quasi-normal vector
d(g~), we have

e = r+(d (45)
dot’ = ag + (dud (46)

10



and the corresponding in-surface (at fixed ¢) metric off the reference surface is now
Jop = Oar'-0pr’
= a,-ag + 2Ca, - 9pd + (?9ad - dpd
~ a,-ag + 2Ca, - dpd (¢0ad] < lag| ) (47)
= Jap + 2¢ Flab’ (48)
where the approximate linearized form (47) or (48) is valid in the usual situation where the offset

distance is much smaller than the shell’s radii of curvature, as measured by ﬁag. The strain tensor
off the reference surface is then

=/ — 1/ .7
Eap = 3(%ap —g6a5)

Eap + CRap (49)
’v{aﬁ = haﬁ *hoaﬁ (50)

which is seen to have a membrane contribution £,3 due to tangential stretching and shearing of
the reference surface, and a bending contribution K,3 due to curvature changes of the reference
surface.

6.3 Transverse Strains

The transverse strain tensor is constructed using the deformed and undeformed director-lean com-
ponents.

Yo = by — Lo, (51)

The invariant transverse shear strain vector is then
Y = Yaa® (52)
= yra' + Fpa’ (53)

and we can also define the complete invariant transverse shear strain tensor.

7 Constitutive Relations

7.1 Stress-Strain Relations

The stress and strain tensors are related by assuming a Hookean material and introducing the
stiffness tensors. The in-surface and transverse tensors are also assumed to be decoupled. When
expressed in the local axes along €, , €o,, Ny, the assumed constitutive laws are

/

011 C11 C12 Ci6 €11
/

0929 = . C22 Co6 622 (56)
/

012 : + Ce6 €192

n Less 0] [
Pt | 0 caa| (72

11



in which the remaining normal stress o, is assumed to be negligible, and the prime on & and +/
indicates strain at location ( off the reference surface. The indicated matrix symmetry is required
for angular momentum conservation of an infinitesimal material volume.

The stiffness matrices are actually 4th-order tensors, but are written above in traditional Voigt
notation which contracts pairs of indices as 11 — 1, 22—2, 12—6, 1n—5, 2n—4. The
uncontracted forms will be more convenient when the tensors are converted to the element basis.

Following standard shell-theory approximations we assume that the transverse material lines remain
straight, so that we can invoke (49) and write the in-surface strains as linear functions of (,

€110 €11 K11
€590 p = < €22 ¢ + (S Koo (58)
€19(0) €12 K12

where k are components of the curvature-change tensor. The transverse shear strains 7}, v will
have some more complicated ¢ dependence, since they must fall to zero at the top and bottom shell
surface. Following shell theory we will replace them by the averages 1, y2 independent of (,

/
’Y}(C) K Y1 (59)
Y2(¢) V2

where K is the shear strain energy reduction factor. The commonly-chosen value K = 5/6 cor-
responds to parabolic 7] (¢) and ~5(¢) across the shell thickness, which is the correct result for a
uniform isotropic shell.

7.2 Shell Stiffnesses

We now substitute the strain components in (58) into the stress/strain relations (56),(57), and then
insert that into the stress and stress-moment resultant definitions (12). This produces the following
linear system which gives each in-surface stress resultant in terms of all the strain resultants.

( . )

fi1 [ A1y A1a Ass|Bii Bia Big €11
f22 Az Agg Bay Bog| | €99
fi2 Agp Bege 12 (60)
mi B11 Bi2 Big| D11 D12 Dig| | k11
ma2 By Bag Doy Dag| | k22
mi2 i Beg Des| | K12 )
{fln} _ [555 0] {71} (61)
fon 0 Su] | 1

The stiffness submatrices above are defined by the following weighted integrals over the shell thick-

12



ness, which capture the overall lumped properties of the shell cross section.

_ [ A1 A1g Age | [c11 c12 ci6
A = . A22 A26 = / - C22 C96 dC (62)
i Ase | | - ce6 |
_ [ Bi1 Bi2 Big | [c11 12 cig |
B = Bys Bos | = / © cog C26 | ¢ dC (63)
i B | L - - ce6 ]
_ (D11 D12 Dig | [c11 c12 ci6 |
D = Doy Dyg | = / - oo e | (2 AC (64)
i Deg | | -+ o6 |
_ Sss 0| 1 [fess 0
_ | %58 _ / 55 dc (65)
0 S44 K 0 Cq4

In shell theory it is common to choose the reference surface to lie in the middle of the shell thickness,
so that for a homogeneous shell material the B matrix elements in (63) are all zero, and the f and
m components in the stiffness matrix equation (60) then decouple. Here no such assumption is
made, to allow complete freedom in the choice of the reference surface location and of the shell
composition.

8 Finite-Element Solution

As in the theory derivations, here the xyz vectors and tensors in the global cartesian basis will be
written in boldface, the 12n vectors and tensors in the € basis will be denoted in italic, and the
covariant £n vector and tensor components in the contravariant a® basis will be in italic with a
breve and with index subscripts, e.g.

Exx Exy Exz €11 €12 €iIn o v
= _ = _ v _ | €11 €12
€ = © Eyy Eyz ) € = T €22 &2 ) €aB = v

€22
Ezz : : Enn,

Contravariant components in the covariant a, basis will have superscripts, e.g. fo‘ﬁ .

8.1 Global Data

The global data is listed below. For stationary problems, the only global parameter is the gravity
acceleration vector g. For non-stationary problems, additional parameters would be the frame
velocity U(t) at the xyz origin and frame rotation rate €2(t), both sketched in Figure 1, and their
corresponding rates U and ), all relative to some inertial frame of reference (e.g. earth). These
can be either prescribed, as in a forced-motion case, or evolved in time via additional kinematic
constraints and global linear and angular momentum conservation constraints, as in a free-body
case.

13



symbol | num. | axes | description
g 3 xyz | gravity acceleration
U@ 3 xyz | frame velocity
Q@) 3 xyz | frame rotation rate
U 3 xyz | frame velocity time rate of change
Q(t) 3 xyz | frame rotational acceleration

Note that the absolute linear acceleration of the xyz body frame’s origin is
azty = U+ QxU (66)

where the first term is the longitudinal component and the second term is the transverse (cen-
tripetal) component. A static problem is one where ag is constant in time, making the solution in
the xyz frame steady. For a purely translating case, which has €2 =0 =0, we can ignore U. And
in this case if U is also constant in time, it can be lumped into a modified effective gravity vector.

g « g-U

8.2 Nodal Data

Each element corner node j has the parameter and variable data listed below. Bilinear interpolation
to the element interior then makes these quantities functions of the (£,7) element coordinates as
described above.

8.2.1 Parameters

These input quantities describe the undeformed shell geometry, structural properties, mass, and
loading. They are all defined at each node j, and used either at the nodes to compute secondary
variables, or interpolated to the element interior to construct the equation residuals.

symbol | num. | axes | description
ro, 3 xyz | position vector of undeformed geometry
=Oj 9 Tyz | €, €q,,No unit vectors of undeformed geometry
A; 6 12n | lumped shell stiffness matrix (extension and shear stiffness)
B j 6 12n | lumped shell stiffness matrix (extension/bending coupling)
l:?j 6 12n | lumped shell stiffness matrix (bending stiffness)
S P 2 12n | lumped shell stiffness matrix (transverse shear stiffness)
In; 1 12n | shell-following applied normal force/area

Qayz; 3 xyz | fixed-direction applied force/area

[ 1 — | lumped shell mass (mass/area density)

In practice, the undeformed geometry is defined by the parametric surface rg(u,v), where u, v are the
global (e.g. B-spline) surface coordinates. This also then uniquely defines the f(u,v) distribution.

N 8u1‘0 X 87)1‘0
= — 67
1o ‘6u1‘0 X 81,1‘0’ ( )

For isotropic shell materials, the €g,,€p, vectors are completely arbitrary, and can be conveniently

14



computed by evaluating

B (l—t) Ouro + tOyrg
= T(1=0) Buro + t0uro] (68)

é02 = flo X éol (69)

eol

at each node, in which the constant ¢ selects the azimuthal orientation of the é01 , é02 vectors within
the surface; choosing ¢t =0 aligns &g, with d,ro, and choosing t=1 aligns €y, with 9,ro. If the shell
material is e.g. orthotropic with known properties along specific axes, then it is most convenient to
orient €, , €, along these axes, since this will then simplify the stiffness matrix specification.

An example of a shell-following normal load is the bottom/top pressure difference across the shell.

n = DPbot — Ptop (70)

A shell-following tangential load vector, such as skin friction, could also be specified.

8.2.2 Unknowns (primary variables)
These are the primary variables which are to be determined at each node j.

symbol ‘ num. ‘ axes ‘ description

r; 3 xyz | position vector of deformed geometry
aj 3 xyz | unit material quasi-normal vector of deformed geometry
V; 1 — | drilling rotation angle

It should be noted that each aj vector, since it has unit magnitude, actually represents two rather
than three unknowns, which will be accounted for later in the Newton solution method formulation.
The resulting numerical problem will then have a total of six unknowns per node.

8.3 Element Interpolation
8.3.1 Bilinear interpolation

Per standard practice, these nodal quantities are interpolated over the element via four bilinear
functions NN;(¢n), using the normalized parameters —1 < <41, —1 <n <+l spanning the cell.

Niemy = $1-9(1-n)
Noem) = (148(1-n)
(71)
Nsem) = 1(1+&(1+n)
Nyenm) = 7(1=8(1+n)

A triangular element can also be used, and will have the following three linear interpolation func-

15



tions, defined over 0<£<1, 0<n<1.

N Nigm = 1-6-1
o Nogm = § (72)
OON | Naen) = 1

g
The bilinear surface spanning the element is defined by
Tem) = 2,15 N (73)

where the sum runs over j = 1,2,3,4 or j = 1, 2, 3, depending on the type of element. Its directional
derivatives are similarly constructed from the derivatives of the interpolation functions.

OaT(€n) = erj 0o Nj (74)

The director field is likewise interpolated from the nodes, with an additional normalization to
preserve unit length.

den = > ;d; N (75)
den = 1 (76)
The derivatives then also follow.
Ood(en) = Y;dj 0al; (77)
Bad(e) = k-lll [8ad - a(a.aad)} (78)

8.3.2 Biquadratic (HSM) interpolation

The higher-order geometry treatment of HSM is formulated using quadratic edge interpolation
functions. For a quad element these are

Ny Nign = §(1-€2)(1-n)
) Nogm) = s(1=n»)(1+¢) (79)
79
N w 0 R Nyem = g(1-€)(1+n)
oo " ; )
o 4“‘ : i Nyen) = §(1-1H(1-¢)
+1
and for a triangle element they are
Nign = 3(1-¢-n)¢
Nom) = gfﬁ (80)

Nigm) = sn(1—&-n)
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where the numerical coefficients are chosen to make the edge directional derivatives in parameter

space be equal to :I:% at the edge endpoints.

The higher-order geometry r starts with the bilinear surface ¥, and adds a transverse quadratic
“bubble” modification Ar" which has edge amplitudes Bj, and an in-surface quadratic “drilling”

modification Ar® which has node amplitudes ;.

ri¢n) = T + ar’ 4+ aAr®
a, = O, + Ouar’ + 9yar’®

ar¥en) = ) den Bj Njen)
edges

Ari(en) = Z (0 aj X (T(em—rj) Njen)
nodes

Gort™ = 3" B; (0,4 Nj + d 0a1;)
edges

8aAI'S = Z 1/Jj (an 8af]\fj + an (f—rj) (%Nj)

nodes

(84)
(85)

(86)

The contributions of these higher-order terms are diagrammed in Figures 5 and 6. Either (or both)

can be omitted to revert the method to the standard bilinear formulation.

rEn 8 = Ogr

N bigquadratic
Ar¥Em) surface

Figure 6: Displacement field of drilling angle 1; in the elements sharing node j.

The coefficient B; for each edge j...7 + 1 is set explicitly such that the r(¢n) surface is made

orthogonal on average to the d; vectors at the endpoints of that edge. For each edge we therefore

impose the requirement

~

d"aa-r - a 'ao.r fry O
J j Jj+1 i1
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where the ¢ directional derivative is defined in £—7 parameter space along that edge, and evaluated
at the endpoints as indicated. Inserting the quadratic surface form (81) into (87) and noting that

d-9,d =0, d-(ax[]) =0, Nj =0, N =0

and
50—1\’;“. =3 30Nj( = -3
J

then gives each edge coefficient explicitly.

5, — (&iﬂ — aj); 05T _ (Ele - &j
a(,Nj’ — a,,Nj‘.
J Jj+1

rj+1 — I‘j (88)

) VG =G+ (1 —1,)?

The two higher-order surface terms in (81) have several notable and important properties:

e The higher-order formulation has the same number of primary variables per node as the un-
derlying bilinear formulation. The result is a considerable improvement in absolute accuracy
for a given resolution and computational cost compared to standard bilinear methods.

e A uniform transverse shear strain field, which will tilt all the director vectors by the same
angle, will cancel in the &j+1 — Elj difference in equation (88). Hence, the resulting B;
coefficients will be unaffected and so the quadratic surface geometry does not depend on such
a uniform transverse shear field.

e If all the nodal rotations are equal and all the directors are parallel, i.e. ¥; = ¢ = const. and
d = d = const. , the overall term vanishes.

ijd X (T—rj) ]—dexz(r rj) J—q/zdx(r r) =20 (89)
A uniform-drill field on a flat element therefore gives zero membrane strains exactly.

e Both higher-order terms in (81) along an edge are defined using quantities only on that edge.
Hence, this higher-order r(¢,n) surface representation is conformal.

8.3.3 Membrane and bending strain interpolation

Numerical experiments reveal that using the full a, expression (82) in the strain and curvature-
change definition (44) and (50) is workable but not satisfactory for distorted elements. Although the
a, direction is smooth and nearly continuous across element boundaries, its magnitude fluctuates
about the average within each element due to the d and d,d terms in (86). This then produces
added curvature-induced strains with spurious fluctuations over the element. These fluctuations
are non-polynomial (& is rational), and therefore cannot be exactly eliminated by the Gaussian
integration over the element. The approach used here is to compute all strains using the in-surface
basis vectors a, which simply omit the transverse term.

a, = 0,T + OyAar’ (90)
Eap = 3 <§a -ag — ap, -506> (91)
fuﬂag = ag- 85& — ag, * 85130 (92)

The omitted d,ArY terms then only control the direction of the stress resultants, but not their
magnitude.
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8.3.4 Director lean interpolations

The HSM higher-order geometry representation allows the director lean (and corresponding trans-
verse shear strain) components to be evaluated directly from definition (37) using the isoparamet-
rically interpolated d and a,, with no shear-locking problems.

Alternatively, the director lean can also be evaluated using the MITC interpolation|3], from the
edge midpoints. Here, for each edge midpoint we compute

v

oy = doour| (93)

and these are then interpolated using the following standard MITC scheme to give the Za(&,n) field
for a quad element.

b = %(1—77)5111/2 - %(1‘”7)5131/2 (94)
be) = 31-8 0y, — 31+ by, (95)

The same expressions are used for interpolating ¢, .

The similar MITC3 scheme is used for triangular elements|8].

8.3.5 Rotated nodal data

The stiffnesses of isotropic materials can be uniquely defined by the scalars F,v (or equivalent
Lamé constants), which allows stiffness properties to be constructed locally within the element.
However, the shell stiffness properties for composite materials are inherently tensor quantities which
must be defined in some basis, which here is chosen to be defined by the €y, , €o,,ng basis vectors
tangent and normal to the surface. For a curved geometry these must in general differ between the
nodes of an element, so the tensor stiffness data must be interpolated in some common basis. To
exactly represent uniform loading and uniform strain and stress fields (and thus pass patch tests),
this interpolation is typically performed in a local surface-aligned cartesian basis defined by the ¢
vectors computed at the element centroid[9, 3] as follows.

o 6,51‘0
ref |6§I‘0| Eerlle

_ agroxanro
Nref — |(9£I‘0><67]1'0| Eerme

C1

s C

’ Czref = c"ref X Clref (96)

For an element whose undeformed shape is curved, or more precisely whose nodal ny are not all
parallel, using this basis as-is at the nodes will produce spurious cosine-error “mixing” between
the tangential and normal components of the tensor node data, as suggested by the top diagram
Figure 7 for the 2D case. In HSM this is avoided by using a rotated basis ¢; at each node, as
indicated in the bottom diagram.

The rotated vectors are obtained by the expressions

0 = Cpy - ﬁoj (97)

@ = énrcf X fl(]] (98)
5C1ref + axclref

N T

0 C2ref + ax C2ref

N

&, = Ty, (101)
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without rotation n

|
¢
b

/__element
centroid

with rotation Crret
I
| Co .
o
L _>ret

Figure 7: Rotation of 2D element cartesian ¢ basis vectors into each node avoids
spurious mixing between tangential and normal components of node tensor data.

which correspond to rotation about a through the angle § = arctan(|a|/d), applied to each node
of the element as diagrammed in Figure 8. The components of the nodal stiffness tensors in the

N

cnrel‘
element | ézrcf
centroid \K{e - )
Y
\ <
g B

Figure 8: Cartesian Cs basis vectors at element centroid of the undeformed geom-
etry are rotated to each node j by the angle from ¢, to floj. Nodal vector and
tensor data is projected onto the rotated basis for interpolation over element.

rotated element cartesian basis are
Chea = Aijre (€0, - €4) (€0, - &) (€0, - &) (€, - €q) (102)
gnbn = S’injn (éOZ . éa) (éOj . éb) (103)

where here i, 7, k,¢,a,b,c,d € {1,2}. These projected values are then interpolated to the interior
as usual.

Alpeaem = D25 (Agpea)j Nj » ete. (104)
Finally, the interpolated stiffnesses are put into the local contravariant basis.

AP = A8, (&q-aQ) (& -al) (éc-al) (&4 - ad) (105)

gendn = G 1 (€ - ag) (& - af) (106)
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Note that all these projections involve only the undeformed reference configuration and do not
depend on the solution, so they could be performed only once for each element and stored.

8.3.6 Interpolated data

The nodal data listed below is interpolated to finite-element Gauss points &g, 7 in the element
interior via the Nj(&m.) interpolation function weights. The coordinate derivatives of some data
are also computed at the Gauss points.

symbol | num. | var. dep. | par. dep. | axes | description
ro 3 ro; floj xyz | undeformed-geometry position
OaTo 6 ro;; floj xyz | undeformed-geometry position derivatives
ng 3 floj zyz | undeformed-geometry normal vector
O Mg 6 floj xyz | undeformed-geometry normal vector derivatives
r 3 rj, Elj, (8 xyz | deformed-geometry position
Ol 6 r;,d;,¢; xyz | deformed-geometry position derivatives
d 3 d; xyz | deformed-geometry material quasi-normal vector
Oad 6 d; xyz | deformed-geometry material quasi-normal vector derivatives
Auy> 3 Aayz; xyz | fixed-direction applied loads
qn 1 Gn; 12n | shell-following normal applied load
1 1 1 — | mass/area density
AeBrs 6 14:1]7r0j,(:eoj &n | in-surface extension stiffness matrix
Bobe 6 éj, ro;; éoj &n | extension/bending coupling stiffness matrix
Dabs 6 lz)j, ro; on &n | bending stiffness matrix
Sompn 3 S 1 I‘oj,éoj &n | transverse shear compliance matrix

The interpolated geometry data is also used to compute the basis vectors and the corresponding
metric and curvature tensors listed below, and computed using the expressions given in Section 6.
The inverse metric tensor and contravariant basis vectors then also follow.
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symbol | num. | var. dep. | par. dep. | axes | description
agp,, 6 ro;; floj xyz | undeformed-geometry covariant basis vectors
g‘ﬁoa s 3 ro; floj &¢n | undeformed-geometry metric tensor
huoa 5 3 ro;; floj &n | undeformed-geometry curvature tensor
Lo, 3 ro; ﬁoj &n | undeformed-geometry director-lean vector
Jo 1 ro; floj — undeformed-geometry metric determinant
do s 3 ro;; floj ¢n | undeformed-geometry inverse metric tensor
ag 6 ro; floj xyz | undeformed-geometry contravariant basis vectors
a, 6 rj, (Elj’ ) xyz | deformed-geometry covariant basis vectors
?aﬂ 3 rj, (ilj’ (% én | deformed-geometry metric tensor
h?‘ﬁ 3 rj, de, ) &n | deformed-geometry curvature tensor
Lo, 3 rj,d; én | deformed-geometry director lean vector
J 1 r;,d;,; - deformed-geometry metric determinant
g8 3 rj, (:ij, (% én | deformed-geometry inverse metric tensor
a“ 6 r;,d;,; xyz | deformed-geometry contravariant basis vectors

The curvature tensors lvzoa and ﬁalg are symmetric analytically, but not necessarily numerically.
Hence, their two off-diagonal element definitions are averaged, i.e.

h21 = h12 = % (al . 82& + ag - 81&) (107)
which ensures numerical symmetry.

8.3.7 Strains and stresses

The metric and curvature tensors are in turn used to compute the strain and curvature-change
tensors at the Gauss points.

symbol ‘ num. ‘ var. dep. ‘ par. dep. ‘ axes ‘ description

€aB 3 rj, &j, ) ro;, ﬁoj &n | in-surface strain covariant components
Fap 3 rj, &j, ) ro;; floj &n | curvature-change covariant components
Yo 2 rj, &j, (% ro;; floj &n | transverse shear strain covariant components
o 1 (v o
EaBém) = 2 (gocﬁ - 90a5> (108)
Rap&n) = hag —ho,g (109)
’?a(&ﬂ?) = goa - ﬁoa (110)

The stress and stress-moment resultants at the Gauss points are computed directly from the strain
and curvature-change tensors and the interpolated stiffness matrices.

symbol ‘ num. ‘ var. dep. ‘ par. dep. ‘ axes ‘ description
foB 3 r;,d;,¢; roj,ﬁoj,(:agj,/ij, B ;| &n | in-surface stress contravariant components
Tl 3 r;,d;,; ro,, ﬁoj,éoj,Bj, Dj &n | stress-moment contravariant components

>

fer 2 r;,d;,¢; rgj,ﬁoj,éoj, S &n | transverse stress contravariant components
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fMen = AP + B iy

Pen = AP + B iag

Pen = APP s + B i

&n) = Bllaﬂ gaﬁ + Dllaﬁ "%aﬂ

&n) = B22aﬁ éaﬂ + D22a,8 /%aﬂ

e = Bz + D i

Summation over a = 1,2 and 8 = 1,2 is performed as usual. For example,
FPem = A&y + B iy

+ A1221 521 + B1221 /\%21

boOARIZg 4 g2y

+ A2, 4 B2 gy (117)

The transverse shear stress components are computed as follows.

fom = §9B s, (118)
fino— Zlls 4 §125, (119)
fro= 8P+ 5% (120)

8.3.8 Other derived data

The interpolated quantities at the Gauss points are further used to compute the secondary quantities
listed below.

symbol ‘ num. ‘ var. dep. ‘ par. dep. ‘ axes ‘ description

n 3 rj, aj xyz | normal vector
q 3 rj,d; Quyz;: Gn; | 2y% | total applied load
a 3 rj, agw (on U,Q,U, Q| zyz | acceleration

The total applied load q is the sum of the fixed-direction and shell-following normal loads.
q4 = Quy: + gu 1 (121)
For static problems (steady in the zyz frame), the local acceleration a is computed as
a = U+ QxU + Oxr + Qx(Qxr) (122)

where the sum of the first two terms (equal to ag as given by (66)) is the frame linear acceleration
relative to an inertial frame, the third term is the relative tangential acceleration, and the last term
is the relative centripetal acceleration. Additional accelerations will appear in dynamic problems,
which will be considered in a later section.
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8.4 Equation Residuals
8.4.1 Residual weights and integration

HSM uses a Galerkin-type finite-element formulation, where the residual weighting function W;(¢,n)
associated with node 7 is chosen to be the “tent” function formed from the union of the N;(¢n)
interpolants, shown in Figure 9. On each element we then have

Wienm = NiEn) (123)
VWi (n) = VN;(n) (124)

where the weight function gradient VW, is defined via its element-basis components like VN,.

Figure 9: Residual weighting functions Wj(¢,n), variable and residual projection vec-
tors blw bgi (¢,7), and element basis vectors ap, as(¢,7) associated with interior, edge,

and corner nodes. The edge-normal and edge-parallel tangent vectors f:,i and edge
length coordinate £ are also shown.

Per standard procedure, all area integrals will be recast in terms of the element coordinates &,7
and their Jacobian Jy, and then numerically evaluated using 4-point Gaussian quadrature,

4

/ FdAy = / FJo dédn =~ Y Fleem) Jolerm) wy (125)
k=1
J() = ‘aolxa02| (126)

where the index k runs over the Gauss points (§, nx) and wy, are the corresponding Gauss weights.
The integration is performed over the undeformed geometry, primarily because this simplifies lin-
earization of the resulting residual expressions for Newton solution.

For the edge line integrals appearing in (32) and (33), 2-point Gaussian integration is used.

2
/fdeo = /fJo d¢ ~ Y Few Jo wy (127)
k=1

Here, —1 < ¢ < 41 is the parameter along the edge, and the Jacobian is a constant Jy = Afy/2
where A/ is the edge length of the undeformed element.
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8.4.2 Momentum residuals

The area-integral and edge-integral parts of the momentum equation (32) for node i are evaluated
in the zyz axes

Rl =Y //{fﬁwi +aWi + plg—a) Wi} dA, (128)

elements

Z]{{f.f}mdeo (129)

edges

AR

in which the dot products are evaluated using the interpolated element-basis components as follows.

f-VW;, = [f“al a; + fual as + f21a2 a; + f22a2 as + fln (ajn+naj) + f2” (agn + ﬁaQ)}
[at Wi + a2 0, W]
= (/oW 20 ) an + (P OW+ [20aW) @y + (Fm W + 2 0,5 ) i(130)
The dot product in (129) will be evaluated using boundary condition data, and does not need to

be explicitly expanded here.

8.4.3 Angular momentum residuals

The area-integral and edge-integral parts of the angular momentum equation (33) for node ¢ are
evaluated in the xyz axes

R //{—aXmﬁWi frx [V 4 QWi+ p(g-a)Wi]}dd = 0 (31)

Z%{fixrﬁ-f—l—rxf-f:}ﬂ@dﬁ (132)

edges

AR

The vectors in the r x [ ] terms above are the force residual integrands in (128) and (129), and can
be re-used here in the code implementation. The remaining term in (131) is evaluated using the
interpolated element-basis components as follows.

dxm-VIW, = dx [rhnal a; +m'%a; ay + m2lag a; + m?ay ag} : [al NW; + a2 W,

= (MM HW; +m2 W) d x ar + (oW, +m* 9.W;) d x a (133)

8.5 Edge Loading Boundary Conditions

For a well-posed shell elasticity problem, two types of boundary conditions are required on all edges
of the shell surface. One BC type is either on the edge force load or on the edge position, and the
other BC type is either on the edge moment load or the edge-normal direction. The imposed force
and moment boundary loads are Neumann-type natural BCs which are enforced weakly via the
AR weighted-residual contributions, and will be described in this section. The imposed position
and angle are Dirichlet-type BCs which in HSM are enforced strongly by replacing the overall edge
node residuals with the appropriate Dirichlet constraints, and will be described in a later section.
Later we will also consider internal matching conditions between two or more shells which join at
an edge.
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8.5.1 Edge interpolation

The edge loading data is interpolated from nodes to Gauss points ¢ along the edge using the linear
interpolation functions

Nig) = 5(1-¢)
N = 5(1+€) (134)
N = la-¢)
which are the same as N; and Ny in (71), with (£,n) = (£, —1). We then have
TEe) = Yo 1N (135)
de = Y7, d; N (136)
. d
de = — (137)
|

To exactly match the higher-order element-interior geometry, the edge geometry here also includes
the curvature and drilling rotation angle terms.

re) = 1 + d©BN@© + Y ;_11;d; x (T© — r;) Nj(©) (138)
aj¢) = or
= 8@ + B (c‘%flﬁf +&85]V) + Z?:le flj X [Bngj + (f—I‘j) 35]\7]] (139)

The edge curvature coefficient is defined the same way as for element-interior interpolation.

~ ~ ro —I1
B = (dg - d1> e (140)

8.5.2 Loading boundary condition axes

Imposed-load boundary conditions are specified either along the global zyz axes, or alternatively
along the edge azes tfd which are defined by the edge basis vectors t,1, d.

The local material quasi-normal vector d is obtained via spherical interpolation from the edge nodes,
as described above. The edge-parallel vector 1 is defined to lie along the interpolated surface, and
the edge-normal vector t tangent to the surface is their cross product.

le) = ay/|al| (141)
te) = 1xd (142)

The table below lists all the solution variable quantities interpolated along the edge which are
needed to construct the boundary conditions. The ly, ty vectors are needed only for edge-joining
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conditions.

symbol | num. | var. dep. | par. dep. | axes | description

ro 3 ro; ﬁoj xyz | undeformed-geometry position

OaTo 6 ro;; floj zyz | undeformed-geometry position derivatives

ng 3 floj xyz | undeformed-geometry normal vector
}0 3 ro;; floj zyz | undeformed-geometry edge-parallel unit vector
to 3 ro;, ﬁoj xyz | undeformed-geometry edge-normal unit vector
r 3 rj, Elj, (I xyz | deformed-geometry position

Ot 6 rj, aj, (% xyz | deformed-geometry position derivatives
d 3 d; xyz | deformed-geometry material quasi-normal vector
1 3 rj, aj, ) xyz | deformed-geometry edge-parallel unit vector
t 3 r;,d;,¢; xyz | deformed-geometry edge-normal unit vector

8.5.3 Edge loading boundary condition data

All the boundary condition data which can be imposed on the shell edges is listed in the table
below. For generality we specify and superimpose two separate loads: fixed-direction loads in the
xyz axes, and shell-following loads in the tfd axes, in the same manner as the overall surface load
q was obtained from q,. and g,. All these quantities are interpolated along the edge to the Gauss
points.

symbol | num. | axes | description

fwyZBcj 3 xyz | imposed fixed-direction edge boundary force/length
fthj 1 tld | imposed shell-following edge boundary ¢-force/length
ngCj 1 tld | imposed shell-following edge boundary ¢-force/length
deCj 1 téd | imposed shell-following edge boundary d-force/length

My 3 xyz | imposed fixed-direction edge boundary moment/length

Mg, 1 t¢d | imposed shell-following edge boundary bending moment/length
Mg, 1 tld | imposed shell-following edge boundary torsion moment/length
My, 1 téd | imposed shell-following edge boundary drilling moment /length

The specified edge force/length and moment/length over each boundary edge segment are con-
structed as

'f)BC = fBC(f) = fmych + ftBCE + féBci + dec(Ai (143)

Bpo = Mpo(©) = Myyepe + Mot + megel + mayd (144)

=l =l

(d x
which are then used in the edge-integral residual contributions (129) and (132).

AR = Y / fu0 W dlg (145)

edges

Z / (mpe +1 x f5c) Wi dly (146)

edges

AR
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8.6 Variable and Residual Projection Vectors

8.6.1 Projection vector definitions

To minimize the number of unknowns, and to enable the imposition of strong (Dirichlet) boundary
conditions, we define local projection basis vectors b1 , b2 bnz at each discrete node 7. It is

desirable that these vectors are orthogonal, which Wlll then minimize the coupling between the
projected equations, but this is not required.

For all nodes, we define

b, = d (147)

and then define the remaining two vectors depending on where node i lies.

Interior and Neumann BC nodes. For interior nodes, and edge nodes which have only loading
boundary conditions, by, and by, are arbitrary as long as they span the shell reference surface. A

simple and numerically stable procedure is to choose Bli to be the unit vector which is along the
smallest component of d; = dy, X +dy, y + d;, 2z, and orthogonalize it against d;. Specifically, we
compute

.
if |dy,| < min(|dy,|,|d,]) : by = - {l—dii,—dyidmi,—dzidxi} (148)

>
|
&
=
o

.
if |dy,| < min(|dy,|, ;) : b1 = § — di(di-§) = {—dzidyi, 1-d2 —dzidyi} (149)

~ ~ T
if |ds,| < min(|dy,|,|dy,) : b1 = 2 — di(d;-2) = {—dmidzi, —dyd.., 1—d§i} (150)
which is then normalized to get 1311..
by, = by/|bi] (151)

We then set f)gi perpendicular to both d; and Bli'

(152)

Boundary nodes with one constraint plane. Some boundary nodes have Dirichlet boundary
conditions which have one constraint plane on which the node position r; is constrained to lie, or on
which the material quasi-normal vector d; is constrained to lie, or both. An example is a node on
a symmetry plane, or a pinned or clamped point which is free to translate within a plane tangent
to the surface. For such nodes we define f)li to be normal vector of that plane,

b, = U (153)

and then define

(154)
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Boundary nodes with two constraint planes. Some boundary nodes have Dirichlet boundary
conditions which have two constraint planes, so that the node r; location and d; vector must lie
on the line formed by their intersection. An example is the corner node at the intersection of two
symmetry planes. In this case, b1 and b2 are specified to be the two normal vectors of the two
planes.

(1)

~ nBC

b, = | (155)
2)

~ nBC

by = —5 (156)
D5, |

8.6.2 Variable projection

The projection vectors are used to define perturbations of the primary vector variables,
dr; = by, or; + by, ory, + by, 67y, (157)
6d; = by, 6dy, + by, ddy, + by, ddy, (158)

which can represent either the linearized variables in a perturbation analysis, or the variable changes
in a Newton iteration solution procedure.

Since d; is defined to be a unit vector, one of the required equation residuals for node 7 is

Ri@) = dj-d; — 1 =0 (159)

which has the following linearized form in the Newton iteration system.
R = —R; (160)
2d;-6d; = 1 —-d;-d; (161)

Substituting for §d; using the projection (158), and assuming |d;| = 1, gives
8d,, = 0 (162)

7

so that the ddy, variables are known to be zero a priori. These can therefore be omitted from
the Newton system, thus reducing the number of Newton change variables from 7 to 6, i.e. from
(or, 5d ,01); to (Or1,dra, 01y, 0dy, 0da, 0U);.

Like the Newton variables, the vector residuals will also be projected onto the perturbation basis
vectors. The main purpose here is to minimize the coupling between the equation components and
maximize the diagonal dominance of the overall Jacobian matrix, which will in general improve an
iterative solution method of the Newton linear system. So for example, the by component of the
force equilibrium equation at a node will predominantly govern §r; at that node, and the other
related variables dra, 01y, 01, etc. will have a much weaker influence.

A necessary precaution during solution iteration is that each d; must maintain its unit magnitude,
to make residual (159) always zero and thus allow éd,,; to be dropped in the next iteration. This

is ensured by rescaling each d; to unit magnitude after its Newton update, as follows.

d, = fl,, + Bli 6d1i + 621' 5d2i (163)

. d:

d = —- (164)
|d;|

The magnitude change due to this rescaling is O {52}, so that it does not degrade the quadratic
convergence of the Newton iteration sequence.
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8.6.3 Residual projection

The vector residuals, including any loading BC contributions, are also projected onto the Bli’ f)gi, an
vectors of the corresponding node.

R — by, - |
RPS = | by | (RI+AR] (165)
R |~ by, — |
R;m [— Bzi — |
RS = |— by R+ AR (166)
R - by, — |

Note that in (166), projection onto by defines R™_ and projection onto by defines R™2 which
makes R™* and R"™2 the primary constraints on dd; and dds, respectively. This makes the resulting
Jacobian matrix diagonally dominant, and enables the substitution of the most appropriate residual
rows with strong boundary conditions, as described next.

8.7 Geometry Boundary Conditions

Position or angle boundary conditions are of the Dirichlet type, and are imposed by replacing the
appropriate natural residuals with the Dirichlet constraint residuals.

8.7.1 Dirichlet boundary condition data

All the boundary condition data which can be imposed on any shell node is listed in the table
below. The node position is specified by rge which is arbitrary, although in most cases it will be
the same as rg of the undeformed geometry. The position can be fixed in either all three directions,
or optionally forced to lie in only two planes, or only one planes. The latter partial-restraint cases
are specified by the restraint-plane ngc normal vectors. The director orientation is specified via
the tgc vectors, which define either one or two planes in which the director is forced to lie.

For imposing symmetry-plane boundary conditions, the symmetry plane is specified by one point
rgsp on the plane, and a vector ngp normal to the plane. Another point and normal vector is specified
at a double-symmetry plane.

symbol | num. | axes | description
g, 3 xyz | imposed edge boundary position (also used as rgp)
ngéj 3 xyz | r-restraint plane 1 normal vector (also used as ngp)
ngéj 3 xyz | r-restraint plane 2 normal vector
t]%j 3 xYz d-restraint plane 1 normal vector
t](féj 3 xYz d-restraint plane 2 normal vector

8.7.2 Target equations for Dirichlet boundary conditions

After the residual and variable projections onto 151, 152, b, are applied, each variable is predom-
inantly governed by a Poisson type equation. To impose a Dirichlet BC on any variable in a
well-posed manner, the Dirichlet BC residual must replace the corresponding Poisson residual for
that variable, as listed in the table below.
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RN ~ 627”1 — RN~ r
R~ V2 o R~ o1y
Riv ~ V2, = R~ o,
R™ ~ V23, — Ri~ 4
R™ ~ V2, — R~ dy

R~ V21 - RV~
Specifically, R™ must replace Rf1, R must replace R/2, etc.
Node displacement. The specified position of node i is imposed by replacing the two in-surface

force equilibrium residuals and the single compatibility residual with the following three position-
constraint residuals R .

Rl R — by, - |
RPE S < ARPY = |= by —| {ri—rpq (167)

Either one or two or three of these residuals can be imposed, as dictated by the number of restrained
degrees of freedom in the physical boundary condition.

Node director direction. The shell surface orientation at any node can be imposed by requiring
the shell material quasi-normal vector to lie within the specified sliding plane defined by either the by
or by vector, and typically the drilling rotation is also restrained at such points. The corresponding
residuals replace the in-surface moment equilibrium equations.

. |
RIM RN - by, — )
+— = Lt << d; 168
{ RZRQ} { R?z B bZZ- . ‘2 ( )
Either one or two of these residuals can be imposed, as dictated by the physical boundary condition.
A clamped edge or a single symmetry plane edge would have only the R;™ replaced with Rfl. A

double symmetry plane edge would have both residuals replaced, thus completely specifying the d;
vector at that node.

Drilling constraint. For a well-posed problem, a Dirichlet BC on the drilling angle must be
specified for at least one point, typically wherever either r and/or d are also specified. This
constraint replaces the normal moment equation.

RM — RY = oy (169)

8.8 Node Joining Conditions

The present HSM allows a shell to be built up of multiple pieces which are joined at nodes. Assuming
the joint is rigid, we must enforce matching conditions on the primary variables at adjacent nodes
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() and ()’ on the two shell pieces. For this we first define joint basis vectors and the joint angle v,

a = d;xdy (170)
B = di+dy (171)
v = d;—dy (172)
- by la| < 1076

i; = i 1

’ {a/|a| o] > 1070 (173)
. B/1Bl , 18>

n; = 174
R B (14
ﬁ] = iJXﬁJ (175)
Y97 = atan2 (a . i], Elz . (;lzl> (176)

where 1; is normal to the plane containing both d; and &il, ny bisects the smaller angle between
the lines containing d; and d;,, and t; bisects the larger angle, as sketched in Figure 10.

d;

Deformed

1 / Undeformed/\ﬁ();
IA10 i’

Figure 10: Vectors and angles involved in joint matching equations.

8.8.1 Force and position matching

The physical force matching condition at the edge is that the an infinitesimal strip of material along
the edge is force-free. This is imposed by adding the cartesian force residuals of the two adjacent
nodes, and then projecting as usual onto the vectors of node 4.

R R ~ by, - |
szQ — Rizb = |- Bzi - - 'R,{-i-R{, (177)
Rl R - by - |

In the code implementation, the summed force residuals replace those for node i as indicated. The
force residuals for node i’ are then cleared and replaced with position continuity residuals on the
node coordinates. These have the same form as the specified-position constraints (167).

R"if;l R'L’A’Tl - Bli/ -
Ry ¢« QR p = |- by~ qrior (178)
RI Ry — by, - |
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8.8.2 Moment and angle matching

The physical moment matching condition at the edge is that the an infinitesimal strip of material
along the edge is moment-free. This is imposed by adding the cartesian moment residuals of the
two adjacent nodes, and then projecting as usual onto the vectors of node i.

Rgnl R?ml — Bli — |
RIS — A RE™ G = |= by, —| {RI+RY (179)

The summed moment residuals replace those of node i as indicated. The moment residuals for
node ¢’ are then cleared and replaced with constraints which force cAiZ and cAii/ to move as a rigid
body. Consider an arbitrary material line element s; attached at one end to node r;. The change
in this element due to the changes dd,, dds,, 61; will be

0s; = <f)1Z ddy, + E)Qi ddy, + d; 5%) X 8; (180)

and likewise for node /. The requirement that nodes 7 and ¢’ rotate as a rigid body then given
by ds; — dsy = 0, which we project onto the t; and fi; joint vectors. In lieu of projecting onto
the remaining 1, vector, we instead require 9J; to be equal to its undeformed-geometry value v,
(see Figure 10), so that this angle match will be exact at convergence regardless of geometric
nonlinearities introduced by large initial updates.

!: :], :] 5silési/ = {8} (181)

|
RY = 95—, (182)

The linearized R} residual equations are then replaced by

iy - by, fiy - by, fy - d; Sds
OR?/8d; - by, ORY/0d; bo, OR®/0d;-d; | \ 0},
EJ'Bli {ZJ'BQi EJ&Z 5d1 0
— | hy-by ity - by, fy-d; 5dy = 0 (183)

ORY/0d; - by, ORY/0d; by, ORY/0d;-d; | | 0¥

in the overall Newton system.

9 Newton Solution

All the discrete residuals are driven to zero by Newton iteration. For the static problem the linear
Newton system for each iteration is

OR,; . .
%)) -

3 (RN, RFP2 RIn R R™2, R,

Ri
51_)2 ((57"1, 57’2, (57‘n, 5d1, 5d2, 5w)l
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where R; are the projected residuals and §v; are the projected variable changes at node i. The
projected Jacobian matrix [37?:1 /0v;] is computed exactly from the current solution at each iteration.
It is sparse and well conditioned due to the Poisson-type form of all the equations, and hence is
well suited for iterative solution, especially for large problems.

Nonlinear solution. To converge a nonlinear problem, we take the undeformed geometry ro,, o,
and 1; =0 to be the initial solution guess. To perform one Newton iteration, the linear system (184)
is constructed and solved, and the solution is then used to update the primary variables again using
the projection vectors, possibly with an underrelaxation factor w.

rj < r; +w (f){ ory + Bg Org + Bfl 57“n> ‘ (185)
di — (Ail + w (BT 5d1 + 67271 5d2) ) &Z = dl/|d1’ (186)
i Y+ w oY (187)

Provided there are no structural instabilities (e.g. buckling) present, w=1 can be set and quadratic
convergence is achieved. The explicit d; renormalization in (186) produces only a quadratic change
in its magnitude, so it does not adversely affect the terminal quadratic convergence.

For strong geometrically nonlinear problems with large deformations, w < 1 is typically needed
initially, set either via line search, or heuristically such that the position changes do not exceed
some specified fraction of the body dimensions, and that the director changes do not exceed some
specified angle limit.

Membrane sub-iteration. For cases with thin shells and large deformations, an excessively
small underrelaxation factor may be needed to stabilize the highly nonlinear iterations. A typical
source of difficulty is the appearance of very large nonphysical false membrane strains and resulting
stresses after a substantial deflection update, which for example can produce “transient buckling”
divergence in the next iteration. A very effective fix is to temporarily freeze the director and drill
variables d;, 1;, and iterate only on the position variables r;, as diagrammed in Figure 11.

Initial configuration Full Newton update sd Membrane-only update
i ] 8d;= 0
alse

equilibriated

stretching z

transient
stretching

-t

dr;

—
i (=73

AN

Figure 11: Non-physical membrane stretching after a large deflection Newton update
is corrected with membrane-only sub-iteration, where r; is updated to obtain linear-
momentum (force) equilibrium, while d; and ; are held fixed.

Specifically, we solve only the force equation and position BC equation rows in system (184) with the
ddy, dda, 61p columns ignored, which is equivalent to forcing (ddy, dda, d1p) = (0,0,0). We then solve
only for ry, dro, 0r, and update r; until the force residuals are driven below a modest convergence
threshold. This brings the membrane stresses to physical levels, and prevents spurious nonlinear
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membrane/bending interactions for the subsequent full iteration. Since the linear system for the
membrane sub-iterations is only half the size of the full system, their added computation cost is
relatively minor, but the improvement in nonlinear convergence behavior is very noticable.

10 Unsteady Extension
10.1 Unsteady Variables and Equations

For dynamic problems where the shell deforms in time, the nodal primary variable vector is extended
to include the node velocity vector, u;, and all variables are now functions of time.

symbol | num. | axes | description
rj(t) 3 xyz | position vector of deformed geometry
&j (t) 3 xyz | unit material quasi-normal vector of deformed geometry
Pj(t) 1 — | drilling rotation angle
u;(t) 3 xyz | velocity vector of deformed geometry

The three new added residuals are

R - B1i -
Ri2b = |— by, — {r - ui} (188)
Ry — by, —

7

which are in effect time-evolution ODEs for r;(¢).

The local acceleration (122) is now extended to
a = U+ Qxr + Qx(Qxr) + OxU + 1 + 2Qxu (189)

where the new last two terms are the local frame-relative linear and Coriolis accelerations. When
this is put in the force-equilibrium residuals (165), those in effect become time-evolution ODEs for
the nodal u,(t) primary variables, coupled via mass matrices.

The material quasi-normal vectors &Z-@) do not have time-evolution ODEs, which is a consequence
of the neglect of the mass-moment integrals [p¢d¢ ~ 0, f,uCQ d( ~ 0, which are thin-shell
approximations. In effect, rotation of the normal vectors has no associated mass-moment of inertia,
so the vectors can rotate with a zero time constant, and thus can follow the unsteady structure in
a quasi-static manner.

If the mass-moment integrals were considered to be significant, then we would also need to include
the frame-relative node rotation rate w; in the state vector, and this would be related to the
normal-vector rate as in (189). The moment equilibrium equation would then also have an angular
acceleration w term. These extensions will not be considered here.

The frame velocity vector U(:) and the frame rotation vector €2(t) are two additional global pri-
mary variables. Their time-evolution ODEs are obtained by applying global linear and angular
momentum conservation to the entire structure,

RY = f%-‘ﬁdﬁo —i—//qd.Ao —i—//u(g—a) dAo (190)
R = frx f’f:) dlo +//r><quo +//urx(g—a) dAy (191)

where the line integrals in each first term are evaluated over exposed shell edges, regardless of what
boundary conditions are imposed at those edges.
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10.2 Time-Marching

For time-marching analysis, the time derivatives are expressed in terms of the current and previous
time levels using some chosen time-differencing scheme. For example, for implicit 3-point backwards
differencing over time index n, with constant time steps At = t"— ¢"~1 = "1 — "2 we have

1

. —1 —2

o= IAL (3r" —4r™ ! + "7 (192)

. 1

U” = — (30" —4Uu™! 4 U2 193
i U (19)

and likewise for £2". The n—1 and n—2 solutions have been previously computed and are known.
The equations are solved by Newton iteration for the current time level n solution, and the process
is then repeated for the next n+1 level, thus generating a time-history sequence of solutions.

10.3 Perturbation Analysis

For terse notation, we first define the following overall residual, variable, and forcing vectors.

)
I

{R@f’RZ"R?,RU,RQ}T (194)

“ T
ri7di7wi7ui7U7Q} (195)

foy =
All the residuals can then be compactly written as
R (:E Z, f) -0 (198)

and we assume that these have been solved and we have a valid solution state . We now consider
perturbations dZ(t), dZ(t), 0 f(¢), which are related by the linearized form of (198),

iR = [mf]am [87?
o0F oz

{
#o = {ruUQ}T (196)
{

T
q;, fBCia mBCi7 rBCia nBCZ' } (197)

5T +

oR| - .
2 6f =
8f] f=0 (199)

where the steady, unsteady, and forcing Jacobian matrices are evaluated at the known solution.
Setting the overall residual perturbation to zero in (199) imposes the requirement that the perturbed
state & + 0% is still a physical state to first order.

10.3.1 Bode analysis
Here we impose a harmonic forcing
5f = f exp(iwt) (200)

at some specified frequency w. Typically the elements of f are all zeros, except for the single
forcing element of interest which is set to unity. Alternatively, elements of f such as q;, can have
some specified spatial distribution which is modulated harmonically in time. Whatever spatial
distribution f has, the linearized solution response will be time-harmonic at the same frequency.
0% = Z exp(iwt) (201)
6 = iwi exp(iwt) (202)

36



Substituting the above perturbations into the linearized equation system (199) and rearranging
gives the response vector & explicitly.

— -7 —1 —
i= | Rk orR f (203)
o oF of

Solving this complex system for a range of w values gives the Bode response &(w) for that particular
unit forcing element of f, or spatial distribution of elements in f.

If the structural model is strongly coupled to an aerodynamic model, the state vector & would
include the flowfield variables (e.g. grid-node velocity potentials, panel strengths, etc.), and the
forcing vector f would include atmospheric perturbation (i.e. gust) velocities. In this case, the
Bode analysis of the overall system would include the complete structural response to a harmonic
gust field of specified frequency and spatial distribution.

10.3.2 Eigenmode analysis
Here we assume no forcing
5f =0 (204)

and the solution is assumed to take the form

0F = I exp(\t) (205)
6f = A& exp(\t) (206)

where both Z and A are unknown. Substituting the above perturbations into the linearized equation
system (199) and rearranging gives

OR OR
e T = I T 2
[ ]x )\[ ]:L’ (207)

which is a generalized eigenvalue problem for eigenmode pairs A, Z. Typical solvers for large, sparse,
eigenvalue problems will return a chosen number of eigenmode pairs whose eigenvalues are closest
to a specified location in the complex A\ plane.

Instability of a mode is indicated if its real eigenvalue part is positive, Re(\) > 0, and the shape of
the corresponding eigenvector  indicates the nature of this instability, such as buckling, wrinkling,
etc. If the structural model is strongly coupled to an unsteady aerodynamic model, the eigen-
mode could be a conventional flight-dynamic instability such as spiral divergence, or an aeroelastic
instability such as body-freedom flutter, or conventional twist-bending flutter.

11 Post-Processing Calculations

Post-processing calculations assume that a solution r;, fli, 1; has been obtained. We then seek
corresponding various dependent quantities at the nodes, for the purpose of graphical display or
other interrogation of the solution.
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11.1 Deformed-Geometry Nodal Basis Vectors

The nodal normal basis vectors n; of the deformed geometry is computed via their defining residuals.

// |:f12 _ 811’ X 821‘ _ floi n 811‘0 X 821‘0 :|mdA0 (208)

’811‘ X 821" ’811‘0 X 621‘0|

This is linear in the one unknown vector n;, and is independent of the unknowns at all other nodes,
thus allowing a direct solution.

Ai = / Wi dAg (209)

L O1r X Oor . O1ro X DT |
YA // [ [ xapr] 0T |alrox32r0|]mdf‘o (210)

The nodal basis vectors €1, € of the deformed geometry can be computed from the solution by first
defining the element material-line vectors along the £ coordinate lines,

So = 811’0 (211)
s = Or ~ a (212)

which are analogous to the shear-tilted material normal d. We also define a “shear-corrected”
in-surface vector by removing from § the in-surface tilting due to the strain tensor £,

s ~ [I—E} ‘s = 5 —a'(éna'a +&pa’ a)) — a® (fpa' -a; +Ena’ - a)
= 5 — al 511 — 32512 (213)
where the convenient approximation is valid for the usual small-strain case ¢ < 1.

€0,

Figure 12: Top view of a small shell element for undeformed and deformed geome-
tries, with material vectors sg and s. Requiring # = 6y makes the & basis vectors
after deformation to be fixed to the same material as €&g.

We now define the angles between these material vectors and the node basis vectors €p; and €;.
90 = atan2 (Sg Xéol' . fl()i , S0 é01‘> (214)
K2 (2
0 = atan2(s><é1i-f1,- , S - éli) (215)

The three residuals defining €, are then

W;
RS = // (0—60) 2 a4, (216)
7 JO
Si = éllﬁz (217)
5= ey, -er, - 1 (218)



where the 1/ JO2 weighting factor makes elements which are smaller, and hence on average closer to
node 4, have a greater influence on the direction of ey, .

We can reduce the size of the numerical problem by projecting the unknown Newton changes onto
éli’ fli, and é2i = fll X é1i7

5é1i = éli der + é2i des + n;dey, (219)
and ensuring that R3 = R3 = 0 at the start of each Newton iteration. The linearizations of

residuals (217) and (218) then explicitly give de; = de, = 0, so that only residual (216) needs to
be solved for the remaining des variable. The Newton update is performed by

e’ = élz’ + égl. des (220)
e*
& = o (221)
é2z’ = ﬁz X éli (222)
which ensures that R§ = §Z = 0 as required. When the Newton iteration converges, the other

(2
surface basis vector &y, is also a by-product.

11.2 Nodal Strain and Stress Resultants

The HSM solution method computes the strain and stress components €,3, Kag, f“ﬂ , P only at
the element Gauss points. To enable contour plots of the corresponding physical strain and stress
quantities, it is necessary to compute the components of &, k, f, m at the nodes and in the local
orthonormal €y basis. Suppressing the ( )y subscripts for clarity, we equate the node-basis and
element-basis forms of the in-surface strain resultant tensor,

= N = £ a B
EjEJJVJ = gqpaa
> - |err, €161, €12, [€1.€9. +&5.8;1. €99. €9 .€9. | N;
j |€11; €1;€1; + 123( 1 2]+ 2; 1j> + 22; €2, 2]} j
= #a'al + & (ala2 +a2al) + &y a’a’® (223)

where the node-basis form has been interpolated to the element interior. To construct the discrete
residuals, we form the dot products of the above equation’s residual with the basis vectors of a
node 7, and integrate the resulting expressions with the W; weighting function of that node, e.g.

Picking the (&1, &1,), (€2,,8&2,), (€1,,&z,) vector pairs in the definition above defines the residuals
for the three strain components £11, €99, €12 of node 1.

RS = // > €1, 881, N; Wy dAy — // Zap(er; -a®)(ey,-a”) Wi dAy  (224)
R;:QQ = //Z] éQZ-'éj . é2i ]VJ VVl d.A(] - //éaﬁ(égi . aa)(égi . aﬁ) I/Vz d.A[) (225)

Re2 = /Zjéli-éj-égij\fjw;dAo _ //éa,g(éli-aa)(égi-aﬁ)w;dAo (226)
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Each integral consists of four terms. For example, in (226) we have

—~
@

N
>

€1,-&5- €y = cu1,(€; €1;)(€g;- €1)
+ 812j(é1i'é1j)(é2i'é2j)
+ e (€1, é2j)(é2i' élj)
+ e (éli'é2j)(é2i'é2j) (227)
and summing over «, 8 in the second integral likewise produces four terms.
Eapler, -a%) (8, -a”) = £ (&1, -a')(&y, -a')
+ 12 (8, -al)(égi a?)
+ &1 (81, -a’)(&y, - a')
+ &2 (81, - a”)(éy, - a%) (228)

The same procedure is used to obtain the residuals which determine the curvature-change compo-
nents k11, K12, K92 of node 1.

'Rfll = //Z] éli-lzi',j 61 N W d.Ao - [/Kag
R?QQ = / Zj égi' I:ﬂ'/j 62 N W d.Ao - //I‘iaﬁ
'R?m = / Zj élz" I:<3j 62 N W d.A() - //Eag

To obtain the nodal stress and stress-moment resultants, we follow the procedure above, except
that the covariant element basis vectors are now used. For example the residual for flli is

szll = //Z] élz‘?j'éliNj Wi dAy — / fag(éli -aq)(€1

which has the same form as (224) except that a®, a” have been replaced by a,, ag.

a®) Wi dA,  (229)
a®) Wi dd,  (230)

a®) Wi dAy  (231)

;ag) Wi dAo (232)

All the residual equations above are linear in the nodal variables, and can be written as

(]{s]s]n]= - (=

where the unknown symmetric tensors are arranged in vector form, e.g. &; = (811,522,512)j, and
their residuals are arranged the same way and evaluated with the nodal unknowns ignored. The
common mass matrix A;; depends only on the undeformed geometry ro, and the chosen €y, basis
vectors. Hence, A;; needs to be LU-factored only once a-priori, and can then be used to rapidly
determine all the nodal tensor quantities for any solution for that geometry.

—

fi R

kj

R! ﬁ;”} (233)

The same procedure is also used to obtain the residuals for the two transverse shear strain and
stress components 1,72, fin, fon of node 7.

R = // 61, Ny Wi ddo — // Sal6r. - a%) Wy dAg (234)
R: = // S 6,y Ny Wi dAy — // So(Es - a®) Wi dAg (235)
R = / >, 81, £, N; Wi dAg — / For(er, - aa) Wi dAg (236)
RPr = / > €, £ N Wi dAy — / o (&q. - ay) Wy d A (237)
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Expanding the dot product in the first integral and summing over « in the second integral gives

éli‘fnj = fln(é "élj)
+ fon;(€1;- €25) (238)

for(er - an) = f" (& an)
+ [ (e, a0) (239)

which compared to (227) and (228) has only the single dot products since here we are working with
vectors rather than tensors. The residual equations can be put into the form of the linear system

n{ol5) - (=

where as in the tensor system (233), the common mass matrix B;; depends only on the undeformed
geometry and its égi vectors.

R/ ”} (240)

11.3 Maximum Strain and Stress

The extremal in-surface strain within the shell will occur on its surface, where the strain tensor is
given by (58)

€11 €11 K11
/
€19 €12 K12

where we set ( = (iop and then ¢ = (ot to examine both the top and bottom surfaces. To gauge
failure of a composite shell material, these strains would typically be compared with that material’s
maximum allowable normal and shear strains in the 12 axes.

For an isotropic shell material with modulus F and Poisson’s ratio v it is useful to instead examine
the corresponding stresses via the isotropic stiffness tensor,

011 E 1 v 0 8’11
o2 p = v 1 0 €hy (242)
1—v2 ;
The surface principal stress values are then given by
o1 = %(0114-022 ) + \/i (011—092)% + 0%, (243)
o9 = %(0114—022 \/i 0'11—022 2 + 0'%2 (244)
and these then give the vonMises stress.
Oc = /0?4 55 — G102 (245)

The ratio o./o,, where oy is the material’s yield stress, is a useful yield-margin indicator. Again,
both the top and bottom surfaces of the shell would need to be examined separately.
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12 Stiffness Matrix Specification

12.1 General and shell constitutive relations

For a Hookean material, the stress tensor components are related to the strain tensor components
via the stiffness tensor c¢;j;; defined in the local 12n axes, so that each of the four indices can take
on the three values i, j, k,l € [1,2,n]. Voigt-type notation is used to contract the index pairs as

Ou—=01, O2—=>02, Om—=>03: O2m—=>04, Om—=0s5, Oz— (e

so for example c1190 — ¢12 and conon — c44. The general Hookean constitutive relations are then

o11 C11 C12 C13 Ci4 Ci15 Ci6 €11
022 © €22 C23 C24 C25 C26 €99
Onn _ : © €33 C34 C35 C36 Enn (246)
O2n : ) © C44 C45 C46 Eon
Oln ) ) : © C55 Cs6 E1n
019 B . . . - cos | | ez

which with the indicated symmetry has 21 independent stiffness constants. The symmetry fol-
lows from the conservation of angular momentum, specifically the requirement of a bounded
torque/inertia ratio for an arbitrarily small volume.

The general relation (246) is considerably simplified using the shell assumptions that o, and &,
are negligible, and that the in-surface stress tensor components 011, 092, 019 are decoupled from the
transverse components o1, 02,. Relation (246) thus reduces to

o11 [c11 12 6] (en
022 = © €22 C26 €22 (247)
012 L - - ces] e
{Uln} _ [es5 0 ] {71} (248)
Oon 10 caa| | 2
Onn = 0 (249)

which now has only 8 stiffness constants. This is the same as (56) and (57) aside from the distinction
between ¢’ and € which is not relevant here.

12.2 Isotropic material properties

An isotropic Hookean shell material is characterized only by the modulus E and Poisson’s ratio v,
which give all the stiffness matrix components as follows.

C11 C12 Ci6 E 1 v 0
€22 €26 1,2 0 (250)
C66 1—v
Cs5 E 1
_ 251
R (21)
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12.3 Orthotropic material properties

An orthotropic shell material has in-surface moduli F, E5, G12 and Poisson’s ratio v, and trans-
verse shear moduli G13, G23. The material stiffness and compliance matrix elements are then given
as follows.

C11 €12 Ci6 1 E1 Eyvo 0
e 0| = T F, 0 . V= vhEy (252)
C66 v 2G12(1*I/2)
cs5 Gi3
_ 253
[ 644] [ G23} (253)

12.4 Resultant stiffness matrix calculation

The reference-surface location (;r within the shell thickness h = Ciop — (hot is conveniently specified
by the fractional (ref = Crof/2h parameter, so that (f = —1,0,+1 indicates bottom, middle, and
top locations, respectively, or anything else in between.

Cref = %(1 _Eref) Cbot + %(1+§ref) <top (254)

For an isotropic or orthotropic shell material, the integrals in (62)-(65) can be evaluated to explicitly
give the following shell stiffness matrices.

A = he (255)
B = —h2%5 (256)
- 143¢%, _

— p3 1 Thoref
? = h 3 C (257)
S = Khs (258)

The stiffness matrices of composite-laminate shells can be computed using laminate theory, whose
inputs are the thickness, angle, and orthotropic material constants Ey, Fs, G12, 12 of each of the
individual composite plies in the stack. A balanced composite laminate will behave as a uniform
orthotropic (or isotropic in special cases) material with some net effective E1, Fy, G2, 712 param-
eters. Unbalanced laminates have nonzero Ajs and Agg constants, which produce extension/shear
coupling. Asymmetric laminates will have nonzero Big and Bsg constants, which produce exten-
sion/twist coupling. Laminates which are either unbalanced or asymmetric will have nonzero D1
and Dgg constants, which produce bending/twist coupling.

12.5 Lumped-structure shells

One advantage of a shell model is that it can approximate the behavior of a relatively complex
structure with stringers, doublers, etc. by a monolithic shell with equivalent stiffnesses. This
monolithic shell requires much fewer parameters to describe, and is therefore better suited for early
design and optimization, or if the structure is driven by and coupled with an aerodynamic solver.

To perform the lumping, the mass, stress, and stiffness definition integrals (12) and (62)—(65) over
the thickness are then extended to include averaging over parts of the surface. For example, for a
shell structure with stiffeners running in the spanwise direction, a suitable lumped stiffness is

A1 A Ass

_ 1 t+At/2 Ctop C11 C12 Ci6
A(t) = : A22 A26 = Zt / C22 Co6 |(¢,t)) dC dt/ (259)
S Ags t—at/2 JCpor C e
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where a natural transverse-averaging interval At would be the stringer spacing distance, as shown in
Figure 13. The averaging interval could even be the entire transverse width, giving a transversely-
uniform equivalent lumped shell.

Actual Structure Lumped Shell Model
WA Ay Ap By

Figure 13: Complex shell structure can be lumped into a simpler equivalent mono-
lithic shell, defined by transverse averaging integration over some interval At.
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