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Abstract

We present a method for the computation of upper and lower bounds for
linear-functional outputs of the exact solutions to the two dimensional elas-
ticity equations. The method can be regarded as a generalization of the well
known complementary energy principle. The desired output is cast as the
supremum of a linear-quadratic convex functional over an infinite dimensional
domain. Using duality the computation of an upper bound for the output of
interest is reduced to a feasibility problem for the complementary, or dual,
problem. In order to make the problem tractable from a computational per-
spective two additional relaxations that preserve the bounding properties are
introduced. First, the domain is triangulated and a domain decomposition
strategy is used to generate a sequence of independent problems to be solved
over each triangle. The Lagrange multipliers enforcing continuity are approx-
imated using piecewise linear functions over the edges of the triangulation.
Second, the solution of the adjoint problem is approximated over the triangu-
lation using a standard Galerkin finite element approach. A lower bound for
the output of interest is computed by repeating the process for the negative of
the output. Reversing the sign of the computed upper bound for the negative
of the output yields a lower bound for the actual output. The method can be
easily generalized to three dimensions. However, a constructive proof for the

I Corresponding author : J. Peraire, Department of Aeronautics and Astronuatics,
Massachusetts Institute of Technology, 37-451, Cambridge, MA 02139, USA

Preprint submitted to Elsevier Science 3 September 2004



existence of feasible solutions for the outputs of interest is only given in two
dimensions. The computed bound gaps are found to converge optimally, that
is, at the same rate as the finite element approximation. An attractive feature
of the proposed approach is that it allows for a data set to be generated that
can be used to certify and document the computed bounds. Using this data
set and a simple algorithm, the correctness of the computed bounds can be
established without recourse to the original code used to compute them. In
the present paper, only computational domains whose boundary is made up of
straight sided segments and polynomially varying loads are considered. Two
examples are given to illustrate the proposed methodology.

1 Introduction

Linear elastic analysis is one of the most common tools used in practical com-
puter aided engineering design. Many materials of practical interest can be
adequately modelled as being linear elastic and the physical considerations
underlying this assumption are usually well understood. From the theoretical
point of view, the equations of linear elasticity have been studied in depth and
a number of finite element algorithms exist that can be used to compute ap-
proximations to the solutions in an efficient and reliable manner. In particular,
a-priori error estimates can be established that guarantee the convergence of
the computed solution to the exact solution when the mesh is suitably refined.

In practice, the computed solutions of the elasticity equations are used to de-
termine approximations to quantities, or outputs, of practical interest such
as displacements, forces or stresses. Once a solution has been computed on a
given mesh, one is interested in determining the accuracy of the approximated
outputs. In order to address this question a number of a-posteriori error es-
timation methods have been proposed that attempt to quantify the error of
the computed solution in either the energy norm [1,3,9], or more relevantly,
in functional outputs of practical interest such as displacements or stresses
[12,14,16]. These a-posteriori approaches can be coupled with mesh adaptive
strategies, e.g. [13], thus producing algorithms that, in principle, can be used
to iterate from initial solution until a preset level of accuracy has been met.

Despite these numerous advances a fundamental issue still remains. Procedures
that can be used to unambiguously certify the accuracy of the computed re-
sults have been elusive. The reasons for that are essentially twofold. Firstly,
existing a-posteriori error estimation methods are considered to be quite re-
liable in practice but still involve uncertain ingredients. In some cases the
expressions that bound the error involve continuity or interpolation constants
which are non-computable and can be approximated accurately only when the
solution is well resolved [14,16]. In other situations, the bounds are uniform for



any level of mesh refinement, but in practice are only computable by assuming
that the exact solution can be locally represented on a conservatively refined
mesh [12,13]. Alternatively, numerical integration may be required to evaluate
integrals involving analytic functions [20]. Secondly, the above solution algo-
rithms are implemented in computer codes which can easily have hundredths
of thousands of lines of code, the correctness of which is virtually impossible
to verify in practice.

In this paper we present a method to compute upper and lower bounds for
linear outputs of interest of the exact weak solutions of the linear elastic-
ity equations. The method is described in detail for two dimensions but the
extension to the three dimensional case does not seem to present major diffi-
culties. The approach presented can be interpreted as a generalization of the
well known complementary energy principle [7]. This principle, which in its
original form only yields bounds for the energy norm of the solution, has been
known for many decades. Here, an extension to linear outputs of interest is
presented.

The starting point for our bounds procedure is the finite element approxi-
mations to the displacement solution and to the output dependent adjoint
solution. These approximations are then post-processed to yield the so called
inter-element hybrid fluxes. The hybrid fluxes are then used as data for the
computation of locally equilibrated stress fields. The final expression for the
bounds is obtained by calculating appropriate norms of the stress fields. It is
shown that the computed bounds are uniformly valid regardless of the size of
the underlying coarse discretization, but as expected, their sharpness depends
on the accuracy of the approximated solutions. A mesh adaptive procedure is
also described which can be used to determine the bounds to a preset level of
accuracy. Many of the components involved in this approach were presented
in [18,19] for scalar equations. In this paper we emphasize those aspects of the
method which are particular to the elasticity equations.

An attractive feature of the proposed approach is that the piecewise polyno-
mial equilibrated stress-like fields, which are computed as part of the bound
process, can be used as certificates to guarantee the correctness of the com-
puted bounds. It turns out that given a stress field it is easy to check whether
this field corresponds to a valid certificate, and in the affirmative case it is
straightforward to determine the value of the output that it can certify. In
particular, the stress fields need to satisfy continuity of normal tractions across
elements, and membership of an appropriate space.

The idea of a certificate that is computed simultaneously with the solution
has many attractive features. In particular, a certificate consisting of the data
set necessary to describe the piecewise polynomial stress-like fields could be
used to document the computed results. We note that exercising the certificate



does not require access to the code used to compute it and can be done with
a simple algorithm which does not require solving any system of equations. A
very important point is that, if a certificate meets all the necessary conditions,
which in turn are easy to verify, then there is no need to certify the code used
to compute it. In practice, the size of these certificates depends on the required
level of certainty. As expected, we shall find that high levels of certainty, i.e.
small bound gaps, will often require longer certificates (larger data sets) than
those required to certify less sharp claims.

2 Problem Definition

The elasticity equations on a general two dimensional polygonal domain 2
are considered. The boundary, I' = 09, is divided into two complementary
disjoint parts I'® and I'N, where essential and Neumann boundary conditions
are imposed, respectively. Furthermore, the boundary I' is assumed to be a
non empty set. The weak formulation of the problem consists of finding the
displacements uw € U, such that

a(u,v) = l(v) Yv eV,

where U = {v € [H(Q)]?, v|p = g, } is the space of admissible displacement
fields, V = {v € [H{Q)]?, v|pp = 0} is the space of test functions, and H*()
denotes the standard Sobolev space.

The linear forcing functional [ : [H{(2)]? — R

l@ﬁzxéf-vd?+lgg~vdﬂ

contains both the internal forces per unit volume f € [H~}(2)]* and the
Neumann boundary tractions g € [H~2(I'™)]2, and a : [HY(Q)]2x[HY(Q)]2 — R
is the symmetric positive definite bilinear form given by

Mmm:éam%dMMl

Here, e(v) is the second order deformation tensor, which is defined as the
symmetric part of the gradient tensor Vv, that is, e(v) = (Vo + (Vov)T).
The stress tensor o(v), is related to the deformation tensor through a linear
constitutive relation of the form, o(v) = C : g(v), where C is the fourth-
order elasticity tensor. Throughout the paper the energy norm induced by the
bilinear form a(-,-) is denoted by |[|-||, that is, ||v||* = a(v,v).

Our goal is to compute bounds for output quantities of interest, 5 = ¢©(a),



where (9 : [H}(Q)]?> — R is a linear continuous functional defined as

O _ o, o, _ o
14 (v)—/ﬂf de+/FNg vdl' —a(u™,v), (1)

for given £ e [H7Y(Q)]2, g© € [H2(I'N)]2 and u® € [H~}(Q)]2. Note that
this form may easily incorporate, as particular cases, displacements or trac-
tions integrated over arbitrary subdomains or boundary segments.

For any given u” € U we can write 4 = u” + u, where u € V is the solution
of

a(u,v) = 1(v) — a(u®,v) =: {(v) Vv eV, (2)

and therefore the output of interest can be rewritten as
5 =1°(u”) + °(u).

Working with w € V rather than w has the advantage of avoiding the no-
tational complexity introduced by the non-homogeneous Dirichlet boundary
conditions. Thus, our goal will be to compute bounds for s = ¢°(u), from
which we can easily evaluate the bounds for 5 = (°(u).

3 Output bounds

A key ingredient to our bounds procedure, is the reformulation of our output
of interest as a constrained minimization problem. We write the output of
interest s = (9 (u) as

s = 11}1615 09 (v) + K2(a(v,v) — {(v)) 3)
st. alv,p)=Ll(p) Ve eV,

for all kK € R. The above statement can be easily verified by noting that, from
(2), the constraint a(v, ¢) = £(p), Ve € V is only satisfied when v = u and
clearly a(u,u) — ¢(u) = 0. Now, the Lagrangian associated with the above
constrained minimization problem is given by

L(v, ) = L9(v) + £*(a(v,v) = £(v)) + L(p) — a(v, p), (4)
and problem (3) becomes

s = inf sup L(v, ). (5)
veEVY eV

A lower bound, s—, for the output, s, can be easily found using the strong
duality of convex minimization and the saddle point property of the Lagrange



multipliers as

s = inf sup L(v, ) = sup inf L(v,p) > inf L(v,p) = s~ Vo eV, (6)
vEV eV pEV vEV veV

where in order to obtain sharp bounds, it is important to use a good ap-
proximation ¢ of the Lagrange multiplier. Thus, we see from (6), that the
problem of computing a lower bound for the output of interest is cast as an
unconstrained minimization problem.

The optimal value of the Lagrange multiplier is obtained by solving the saddle
problem (5) and is given by ¢* = k?u + 1) where 1) € V is the solution of the
problem,

a(v,) =°v) YveV, (7)
called dual or adjoint problem with respect to the selected output £°(-). Note
that due to the symmetry of a(-,-), the only difference between the primal

problem (2) for u, and the dual problem (7) for 4, is only in the forcing data
(f© instead of f, g© instead of g and u® instead of u®).

The solutions of the primal and dual problems are approximated by u; and
1, respectively, which lie in a finite element interpolation space Vhc v,
associated with a finite element mesh of characteristic size h and verify

a(up,v) = {(v) veVh

and

a(v,,) = °(v) ve Y

An approximation to the Lagrange multiplier ¢, is now obtained by setting
@ = K*uy + 1,. We note however that different options are also possible (
see for instance [6,15]). With our choice for ¢ the optimization over v in (6),
leads to

1 1, 1 1,

57 = Lllmwn + gy P = s — 0
Remark 1 In the particular case when (©(-) = ((-), then s = (°(u) = ||u|?
and also w = 1 and up, = ;. In this case, the lower bound we obtain for
k=1, is s~ = ||uyl||?, which implies

laen][* < [l

This is the classical lower bound property of the energy morm of the finite
element solution with respect to the exact solution norm.

An analogous expression for an upper bound, s™, of s, is obtained by replacing



(9(v) by —¢°(v) in the original optimization problem (3) to obtain,

—s = inf —(9(v) + k*(a(v,v) — £(v))

vey

st. a(v,p) =L(p) Ve eV.

The optimal multiplier in this case is approximated by @ = x*u;, — 1, and
the optimization process yields

1 1 1 1
st = Ll — o —
which is equivalent to
1 1 1 1
st = Jllwut =l —

Remark 2 (Bounds for the output of the error) If the particular lift of
w is its finite element approzimation, that is u® = wy, then w is the error
in the finite element approximation, u = u — u, = e, and w, = 0. In this
case, the previous methodology would lead after some algebra to bounds for
s =(9(e)
5= —llve — e,

] 4
st = ZHFLG + E6||2
where € = 1p — P, is the error in the finite element approximation of the dual
problem.

Writing together the expressions for the upper and lower bounds we have,

1 1 1 1 1 1 1 1
s+ P = Zllw = ) < s < Sl ) = S llnun — 3

It is clear that these expressions are non-computable, since they depend on the
exact solution of both the primal and dual problems. However, they illustrate
our basic approach to obtaining bounds for outputs of interest: if we can
compute upper bounds [xu £ (1/r)ep|*  for [[ku & (1/£)9||?, then, we can
write computable expressions for the output bounds as

1 1 1 1 1 1 1 1
Jlmun + 1P =l = 2, <5 < e+l = Jlwun - g
)

In the next section, we present an approach for computing upper bounds
for the energy norm of the solution of the elasticity equations. This result
is then generalized in Section 5 to compute the upper bounds for the linear
combination of the primal and dual functions, ku + (1/k)%.



4 Upper bounds for the energy norm

Consider the generalized elasticity problem with Neumann and homogeneous
Dirichlet boundary conditions written in weak form as: find z € V such that

a(z,v) = *(v) Yv eV, (10)

where
7 (v ——/f*-11d§2+/ g -vdl —a(u”,v).

It is clear that any linear combination of the primal and dual solutions, au +
B, a,f € R, is the solution of problem (10) with f* = af + 3f°, g* =
ag + 3g° and u* = au” + Bu®. In particular, the choice a = k, § = +1/k
will be used later to obtain the required upper bounds for ||xu £ (1/k)%||%

In this section we consider the problem of computing an upper bound for
| 2]|2. We recall that ||z||* can be obtained as the solution of the optimization
procedure

12| = sgg 20 (v) — a(v,v). (11)

The above problem is to be considered over an infinite dimensional space of
functions which are defined over the whole domain €). In order to come up
with a computable expression for an upper bound of ||z||?, two relaxations
are introduced. First, a domain decomposition strategy is used to transform
the maximization problem over functions in 2, into a number of independent
problems which are defined over sub-domains (triangles in our case). Second,
duality is exploited to transform each of the convex maximization problems
into a feasibility problem for the dual functional which is shown to yield an
upper bound for the optimal solution.

4.1  Domain decomposition

We consider a triangulation of the computational domain €2 into n,; triangles
and denote by ) a generic triangle, k = 1,...,n.. Let I', be the set of all the

edges in the mesh, and A = Iﬁ [H2(8%)]? the space of integrable tractions
k=1

in I'y,. The set of all the interior edges of the mesh is denoted by I'!, that is
[, = T UTL For each edge v € I', a unit normal direction, n?, is assigned
such that, if v is an exterior edge, n” coincides with the outward unit normal
to I'. Similarly, given an element {2, and an edge of this element v € 0€), the
outward normal to the element associated to «y is denoted by n}. Then, 7} is



defined as 7x|, = n; - n7, that is:

1 if nl=n"

—1 it n) =-—n".
Note that if v = 9 N 0, then Tk\ﬁ/ + Tl‘,y =0.

The broken space V is introduced by relaxing in V both the Dirichlet homo-
geneous boundary conditions and the continuity of the functions across the
edges of I'y,, that is,

V= {v e [LXQ)?, blg, € [H'(W)]*, ¥V € Q.

Given a function in the broken space v € V, the jump of ¥ across the mesh
edges is defined as

[A” ’f)|Qk Tk|,y—|—’lA)|Ql ’7‘1|,y, if’}/:anﬂaQIGFI
v et
T e, if y €T,

where the definition of the jump depends on the arbitrary choice of the edge
normals. Note that if ¥ is a continuous function verifying the Dirichlet homo-
geneous boundary conditions, ® € V, then [9] = 0 in TTUTP.

Then, given a broken function v € V, the continuity at inter-elemental edges
and Dirichlet homogeneous boundary conditions in I'P can be enforced weakly
through the bilinear form b: VY x A — R

oA = Y /A-[@]dF:Z/a A og, dT,
k=1

~yerturp ol Qk\FN

by imposing b(v, A) = 0 for all A € A. Therefore, the space of test functions
Y can be recovered as

V={beV,bd,A)=0VAeAl}

Let’s denote by V. the restriction of the broken space V to the element ),
that is, V) = \A)’Q = [H'(Q)]?. Formally, any function v, € V), is not
defined in the whole domain €2 but only in the element €. In the following, any
function vy, € Vy is naturally extended to €2 by setting the values outside €2 to
zero. Then, a function ® € V can be decomposed as the sum of its restrictions

Nel A~ Nel
to each element v, = 'f)|Qk € Vy, thatis, v = Y v, and V = @ V.
k=1 k=1



We can now rewrite the maximization problem of equation (11) as a con-
strained saddle problem defined over functions in V and Lagrange multipliers
in X\ as,
1z)? = sup inf J(v,A),
DEV AeA
where J(v, A) is the quadratic-linear Lagrangian which can be expressed using
the local restrictions vy of v as

Nel

J(0,A) = kg Ji(vr, A),

where

Jk(’Uk,A) = 262(’01& —CLk(’Uk,’Uk) —i—Qbk(vk,)\) (12)
Here, the subscript k& denotes the restriction of the linear and bilinear forms
to the element €2, that is,

ap(w,v) = / o(w) : e(v)dQ,

Qp

Ui (v) = /Qk ffrodQ+ s non, g"-vdl — ai(u”,v),

and

b (0, ) :/

D0 \TN
Then, using standard duality arguments an upper bound for ||z]|? is obtained
as

TkA . U|Qk dI'.

|z|> = sup inf J(®,A) = inf sup J(v,A) < sup J(, ) VA e A. (13)
PEV AcA AEA DEV dEV

Clearly, the Lagrange multiplier A has to be properly chosen in order to ensure
that the resulting maximization is bounded from above and that the resulting
optimum is accurate. The importance of the weak imposition of the continuity
requirement and the approximation of the Lagrange multiplier, is that once
the Lagrange multiplier is fixed, the lagrangian J(v, X) decomposes into local
elementary contributions, and the maximization in (13) decomposes into local
maximization problems in the elements of the mesh.

In order to simplify the notation, we will rewrite Ji(-, A) in a simpler way. We
note that given a Lagrange multiplier A € I', the values of A in T’ N do not

contribute to Ji (-, A). Therefore we can define

N :g*7 (14>

so that,

/ g*’deF—i— TkS\"deF: Tkj\"l)kdr,
'NNOQy, O \I'N oy,

10



and therefore,

Jk('vk,j\) = 2/9 f*"Uk dQ+2/89 Tki-vkdf—2ak(u*,'vk)—ak('vk,'Uk). (15)
k k

Thus the global maximization of equation (13) can be decomposed as,

Nel

sup J(0,A) = > sup Je(vg, A), (16)

DEVY k=1 VeEVk

allowing to obtain an upper bound for | z||*, maximizing the the local func-
tionals Ji (-, A) in each element of the mesh independently.

This local maximization problems, although local, can not be solved exactly
because V), is an infinite dimensional space. Moreover, if we replace V; with
a finite dimensional subspace, the upper bound property is lost.

4.2 Complementary energy relaxation

We consider now the problem of finding computable upper bounds for the
local maximization problems (16), that is, find v, € R such that,

sup Ji(vp, A) < v, (17)

VR EVE

so that a global upper bound for ||z||? will be recovered as

DNel ~ Nel
2] < Y sup Jp(vi A) < >
k=1 VL EVE k=1

The upper bounds v, are computed using a standard duality argument which
transforms the problem of finding the maximum over the infinite dimensional
space V; to a problem of finding a feasible solution in an appropriate finite
dimensional space.

Let S denote the space of componentwise square-integrable stress fields in
Q, that is, 8j contains all the second-order tensors with o;; € L2(Q), Vi, j.
Then, 877 denotes the subset of &, which contains all the equilibrated stress
fields with respect to f*, A and u*, that is, o} € 8¢ verifies

O'kZE(’Uk)dQ:‘/Q f*’deQ—F/89 Tk5\~vkdf—ak(u*,vk) V’Uk Evk.
k k

(18)
The stress fields in 8}7 are usually referred to as being statically admissible.
In addition, we define the complementary energy of a stress field o), € Sy, as

Qg

11



the value given by the the functional Jg : & — R,

J,ﬁ(ak): O'kZC_lio'de.

Qp

Lemma 1 [fj\ is such that Ji(vy, 5\) is bounded from above for all vy € Vy,
then the following duality relation holds,

sup Ji(vg, A) = inf Ji(ok).

v EV}, oLeSY!

PROOF. Let o € 8 and vy, € Vy, then

0< (o —o(vy) :C': (o) — o(vy)) A

Q
=/ 0,:C":0,dQ +/ o(vg) 1 e(vp)dQ—2 [ o :e(vy)dQ
o) Q o)
:J,‘;(a'k)jtak(vk,vk)—Q O :s(vk)dQ.

Qp

Now, since o € 8} equation (18) holds true and

2 0 o . s('vk) dQ) — ak(vk,vk) = Jk(vk,i),

leading to B
0= Jl(ok) = Jil(vk, A,
which implies Jy(vg, A) < Ji (o).

Now, let ©; be the point at which Ji (v, 5\) is maximum, that is,

|ok]2 = sup Jy(vi, N)

VL EV

where ||vi]|2 = ag (v, vi). Moreover, the gradient condition for vy leads to
ar (g, vi) = / fov,dQ +/ 7 - v,dl — a(u*, vy) Vv, € Vi,
Qg (219"
from where it follows that o), = o(v;) € S}%.
Thus, Vo, € 8, Vv, € YV,
Te(vi, A) < (O, A) = [|[94l7 = Ti(F8) < Ji(o),
and the lemma is proved. O
Lemma 1 provides the key to the obtention of the local upper bounds vy. It is

sufficient to compute a statically admissible stress field in o} € 87, and then
evaluate its complementary energy,

12



sup Ji(vg, A) = inf Ji(oy) < Ji(oF) = vg. (19)

vLEV oreS?

The remainder of the section is devoted to show that one can chose the stat-
ically admissible stress field to be piecewise polynomial provided that the
forcing data f*, g* and the displacement fields u* are piecewise polynomial
functions.

4.8  Upper Bound Computation

In order to construct the statically admissible stress field required in equation
(19), it is first necessary to evaluate the Lagrange multiplier A satisfying the
necessary constraints. We will then construct the stress fields o, inside the
elements.

4.8.1 Lagrange multiplier approrimation

In order to obtain a sharp upper bound, the choice of the Lagrange multiplier
is critical. In particular, the maximization in equation (17) must be bounded
from above.

From equation (15), we note that the Lagrange multiplier A s precisely the
Neumann boundary condition for the local problems. That is, the traction
distribution applied on the boundary of each element. When integrated over
each element these tractions must therefore be equilibrated so that the local
problems are solvable. This is equivalent to saying that,

C(v) + b(v,A) =0 Vo e Py, (20)

where Py, is the space of solid motions which includes any combination
of translations and rotation; see equation (12). Moreover, since the optimal
traction distribution is given by the tractions of the exact solution z over the
edges of the elements, the Lagrange multipliers have to be both equilibrated
and a good approximation to the tractions of the exact solution.

There are several known choices for the Lagrange multipliers which are ap-
proximations to the continuous tractions of the exact solution z at the inter-

element boundaries. Here we follow the strategy proposed by Ladeveze et al.
[9].

The approximated Lagrange multiplier is denoted by A, and it is a linear

13



function in each edge of the mesh verifying
b(D, A) = alzp, d) — 05(0) Vo eV, (21)

where zj, is the standard Galerkin finite element approximation of z. We note
that for any continuous v, b(v,A;) = 0, and therefore a(z,,v) — ¢*(v) = 0
thus highlighting that zj is indeed the finite element approximation to z.

The above equations do not determine the Lagrange multiplier A, on I'N.
Therefore, A, is extended into I'N using equation (14).

Lemma 2 If A\, verifies the equilibration conditions given in equation (21),
then the local problems

sup Jk('vk, Ah),

vLEV)

are bounded from above.

PROOF. The null space of the bilinear form a(-,-) is the three dimensional
space of the rigid solid motions in the element {2 (translations and rotations),
that is, wy, is a rigid solid body motion if and only if a(vy, wy) = 0, Vv, € V.
Then, Ji(wg, Ap) must vanish for any rigid motion wy, otherwise, given a
rigid solid motion wy, for any a € R, awy € V4,

Jk(awk, Ah) = 2« (EZ('wk) + bk(wk, )\)) =« Jk('wk, )\h),

and this will lead to an unbounded maximization problem. Let’s verify that
Je(wpg, Ap) = 0 for any wy, in the null space of ax(-,-).

Since the Lagrange multiplier A, is equilibrated, equation (21) is satisfied;
thus, for any rigid solid motion wy in the element €,

be(wg, An) = ar(zn, wi) — (wi) = = (wy),
since wy € V. Therefore,

Jk(wk, >\h) = QKZ(wk) + 2 bk(wk, Ah) — ak('wk, ’I.Uk) = 0. O

4.8.2  Construction of an equilibrated stress field o, € S}

Once the Lagrange multipliers A, have been determined, an equilibrated stress
field o4 € S}? has to be evaluated in order to obtain an upper bound for ||z||?.

The existence of a piecewise polynomial stress field is established in the fol-
lowing theorem.

14



Theorem 1 Let P.()) denote the space of polynomial functions of degree r
in Q. Similarly, let R,(0S%,) denote the space of polynomial functions of degree
p in each edge of Q. Then, for any given forcing function f*|g € [P.(Q%)]?
and any equilibrated Lagrange multiplier Ap|aq, € [R,(0%)]?, that is

fvdQ+ [ mAcvdl =0 Vo€ Py, (22)
Qk 6Qk

there exists at least one dual solution o, € 8, = {o,0;; € L* (%), Vi, j},
verifying

O ZE(’Uk)dQ:/ f*’deQ—i-/ Tk)\h"l)kdr V’Uk EVk, (23)
Q Qp 00,

which is piecewise polynomial of degree q in each component, with ¢ > p and
q > r, and therefore, o), — o(u*) € 8} is a piecewise polynomial stress field
provided that u* has a piecewise polynomial representation.

A constructive proof of this theorem is given in the appendix.

Remark 3 For a linear equilibrated stress field (useful for linear applied trac-
tions and constant force term), the local equilibrated stress fields are uniquely
determined. Otherwise, ¢ > 1, there are extra degrees of freedom associated
both to the internal boundaries and to the space of divergence free and trace
free stress fields. This degrees of freedom are used to sharpen the bounds, that
is, to minimize the value of Ji(o).

The computation of the upper bound is summarized in the box shown in figure
1.

0.- Start with a piecewise polynomial representation of u* and determine
*(v).

1.- Compute z, € V" st.  a(zp,v) = *(v) Yo € V"

2.- Compute A, s.t. b0, \,) = a(zp, ®) — (*(d) Vo e V",
and impose Ap|px = g*.

3.- For each element compute o) € Sy, s.t.

O'kZE(’Uk)dQ:/ f*’deQ—F/ TkAh'deF vvkEVk,
Qp Qp o082y,

and compute v, = o —o(u)):C ' (o) — o(u))d.
Q
k

4.- Compute the upper bound for ||z]|? as ||z]|* < 3 U
k=1

Fig. 1. Upper bounds for the squared energy norm of the error
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5 Bounds for the output of interest s

We note that 2* = ku & (1/k) 1 € V is the solution of the boundary value
problem,

a(z*,v) = kl(v) £ %Eo(v) Yv eV, (24)

which is a particular case of (10) with £*(v) = kl(v) £ (1/k) £°(v).

Therefore, the approach described in the previous section can be used to com-
pute upper bounds for the energy norm of 2* = ku 4 (1/k) 9 € V. These can
then be used in expression (9) to yield computable expressions for the upper
and lower bounds for s.

First, we compute approximations wy, 1, € V by solving,

a(up,v) = {(v) Yo e V",
a(v,,) =°(v)  Yve V"

respectively, and set zi- = kuy, £ (1/k) 1,,. Here, we assume that u” and u®
are piecewise polynomial over the elements of the working triangulation.

Second, using the strategy described in [9], compute Lagrange multipliers by
equilibrating the primal and dual problems, namely, find A} and /\#, such
that,

b(D, AY) = a(uy, 0) — £(0) Vo € Y,
b(D, AY) = a(v,9,) — O(®) Vo € V.
Extend A} and )\# at the Neumann boundaries according to A}|x = g and

)\f o~ g°, respectively. Finally, set Af = kA + (1/ /ﬁ))\;f.

Third, for each element in the mesh, we determine an equilibrated stress field
o verifying the equivalent of equation (23). That is, we compute o} and a}f
such that

a}j:s('v)dQ:/ f-de+/ kA, - vdl Yo € Vy,
Q, o,

Q
oy :E(v)dQ:/ fomdQ—i—/ Ay - vdl Yo € Vy,
and set of = k(o — oP) £ (1/k)(c? — 09), where 0P = o(uP) o, and
k
of = o(u®) o
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Finally, the upper bound is found as

Nel 1
|2512 < 3 Jilei) = vt b ¥ 2w = G, (25)
k=1

where

DNel
vt=) " Jilel - o)),
k=1

DNel

v =S Ji(a} - af),

k=1
Nel

b — I;/Qk(o—g o) C (o — o(uf))dQ.

Introducing expression (25) into (9) leads, after some algebra, to the following
expressions for the upper and lower bounds of s,

b L e ) o P
= — - —\V — —= V" =

] 55h T 5 1 h 12 ril )

_ L oww K 1

s = §Sh + 51/ v — Z(V - ||Uh||2) - 4/@2(1/1[, - ||7/’h||2)>

where s, = (9 (uy,).

Following [11,12], the bounds are optimized with respect to the arbitrary pa-
rameter k. The optimal value is given by &% = (\/V¢ — ||1,Z;h||2)/(\/1/u — ||wnl/?).
The resulting procedure to determine the bounds for s is summarized in the
box of figure 2.

6 Adaptive mesh refinement

Once upper and lower bounds for the output quantity s are computed, one
can compute the bound average

1 1 1
s = §(sJr +s57) = §(sh + %) = 5, + §yee,

where v*¢ = 3 [ (ot —o@?) = a(w)): T (of — o (u) — o(4,)) 2,
k=17
and the bound gap

A=st— s = /v — flun ]2 ¥ — [
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0.- Start from piecewise polynomial representations of u” and u®.
1.- Compute u, € V" and 4, € V" such that,

a(up,v) =L(v) Yve V"
a(v,4,) = °(v) Yo e V"

2.- Compute A and AY such that,
b(D, AY) = a(uy, 0) — (D) VO EV,
b(d,AY) = a(v,1p,) — (O(d) Vo €

and impose A}~ = g and /\}f‘FN = g°.
3.- For each element find o, 0¥ € S, verifying

ag;e(v)dQ:/Q f-deJr/aQ AL wdl Yo € Vy,

Qp

o ie(w)d= | fo-de+/aQ 7Y wdl Yo eV,

Qp

and compute

4.- Compute the global quantities:
Nel Nel Nel
v = Z v, ¥ = Z V,:b, pY = Z V,’;“p.
k=1 k=1 k=1

5.- Compute the bounds s~ and s* for s as

1 1 oy 1

s = §Sh+§l/ 1/)—5\/7/“_ ||,u'h||2 \/V¢_||¢h||27
1 1 1

57 = st S Sy a2 — P,

where s;, = (©(uy,).

Fig. 2. Bounds for the output of interest s

The bound average s is a new estimate of the output s, where its error with
respect to s can be easily bounded since

1
|s —s| < ZA.
2
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If this error meets the desired requirements of accuracy the computation is
concluded. On the other hand, if the level of precision does not meet the
requirements a mesh adaptive procedure can be easily devised [13].

The bound gap can be written as,

Nel - DNel

R 1
A=  = lunll) + 5 04 = lpalld) = 32 A,
k=1 2 2R k=1

where kK is the optimal value of the parameter x which optimizes the bounds.
The above expression identifies the elemental contributions Aj. These contri-
butions can be shown to be always positive (since the complementary energy
of an equilibrated stress field and the energy of an arbitrary displacement field,
are upper and lower bounds to the energy of the exact solution, respectively)
and can therefore be used as a local refinement indicator.

Then, given a target bound gap Ay, at each level of refinement, the elements
with Ay > (Age1/ne1) are refined. This strategy leads to a robust and reliable
procedure to achieve the desired accuracy. The refined meshes are obtained
using the mesh generator presented in [17].

7 Numerical Examples

The presented method is illustrated with two numerical examples: a linearly
forced square which has a regular solution for which an analytical expression
exists, and a square plate with two interior rectangular cut-outs, the solution
of which, has corner singularitites. The outputs of interest are in both cases
displacements and reaction forces integrated over parts of the boundary. Linear
finite elements approximations have been used for the adjoint and the hybrid
fluxes have also been interpolated linearly over each edge. The equilibrated
stress fields in the dual problem are also taken to be linearly varying in space.

The coarse mesh problems are solved using triangular linear finite elements,
and the local equilibrated stress fields are taken to be piecewise linear in each
triangle of the mesh. Four estimates of s are considered: the upper and lower
bounds (s* and s, respectively), their average, s = (s™ +s7)/2, and also the
output given by the finite element approximation, denoted by sj, = £°(uy,).

In the first example the analytical solution of the problem is known and the

quality of the different estimates is measured with the following effectivity
indices p* = (s%/s) — 1, p = (s/s) — 1, and pj, = (s/s) — 1. Another measure
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of the accuracy of the bounds is given by the relative half bound gap,

st —s" _
P = 9 | S| =
Since st and s~ are upper and lower bounds of s, the index p, is an upper
bound of the relative error between the approximation s and the exact output
s, that is,

|s — s

< .
|S| — pG

In the second example, where the analytical solution is not known, the bound
accuracy is measured in terms of the relative half bound gap, p,, which is
re-defined as,

1st —s™

2 Is| 7

where the exact output is replaced by the average estimate.

Pa =

7.1 Linearly forced square

The plane stress elasticity equations are considered in the unity square [0, 1]°.
On the left edge of the square, z; = 0, Dirichlet homogeneous boundary
conditions are imposed in the x5 direction, and in the left-lower corner, (0, 0),
both the z; and x5 displacements are prescribed to zero. Also, a linear normal
traction, g = (x9,0)7, is applied at the right edge, #; = 1.

The analytical solution of the problem w = (uy,us), is given by

1
Ul(l’l,IQ) = EQE‘lLE‘Q, UQ(Il,IQ) = —ﬁ(ViUg + LE‘%),
where F and v are the Young’s modulus and the Poisson’s ratio.

The output considered is the weighted average normal displacement at the

right edge,

1 1
S = / ) ul(l,l’g) dIQ = —
0

3E°
It turns out that for this particular forcing and output, the primal and adjoint
problems are the same. For this case, called compliance, the output is propor-
tional to the energy norm of the solution and the finite element approximation
directly provides a lower bound. The numerical results demonstrate that our
method, while more expensive, leads to the same lower bound, doing no worse
than the inherent bound of the finite element approximation.

Four uniform triangular meshes have been considered, the initial one with 18
elements (h = 1/3). The other meshes are obtained by uniformly subdividing
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Table 1
Bounds and effectivity indices in a series of uniformly refined meshes

h S 5~ sT +

s p- p p P
1/3 | 3124 | 3124 5621 .4372 | -.062740 .686210 .311720 | .3745
1/6 | .3264 | .3264 4370 .3817 | -.020710 .310880 .145070 | .1658
1/12 | 3314 | 3314 3653 .3484 | -.005710 .095990 .045140 | .0508
1/24 | 3328 | .3328 .3419 .3374 | -.001480 .025640 .012080 | .0136
1/48 | .3332 | .3332 .3355 .3344 | -.000370 .006530 .003080 | .0034

each element of the previous mesh into 4 new elements. The results for £ = 1
and v = 0.3 are summarized in the table 1.

0.65

—&— FE Approximation/Lower Bound
=& Upper Bound
—-e— Bound Average

—_— p+
.
—— pG
107 .
0 0.05 0.1 0.15 0.2 0.25 03 0.35 10'1
Mesh diameter, h Mesh diameter, h

Fig. 3. Computed bounds for a a uniform h-refinement process (left) and its con-
vergence (right)

Figure 3 displays the results graphically and also illustrates the convergence
rate of the bounds. The results for both the upper and lower bounds, average,
and relative half bound gap, p., asymptotically approach the finite element
convergence rate of O(h?).

7.2 Square plate

A square thin plate with two rectangular holes is considered. Normal tractions
are applied on the left and right sides of the plate [13]. Since the problem is
symmetric, only one fourth of the plate is considered, as shown in figure 4.

Two outputs of interest are considered: the average normal displacement over
the boundary I'y, and the integrated normal component of the traction in I'y,
that is,

(5 (v) = /Fo v-ndl, (v)=| n-o) ndl. (26)

I
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Fig. 4. Example 2: Model problem (left) and initial mesh (right)

Remark 4 The first output is already in the form of equation (1) with g© =
n\ro and g© = 0 elsewhere. The second output, on the other hand, does not
have the same form. In order to transform this output into the form (1) con-
sidered here, we introduce a continuous function x such that x|, =1 and is
equal to zero at all the other vertical boundaries. Then, if n' = n|F1, we have

s=(u)=| n-ou) ndl =alu,xn')=:(9(u),
I

and instead of working with the functional (9(-), we work with Kzlg() This is

much easier since this corresponds to u® = —xn' in equation (1).

Figure 5 and table 2 show the bounds obtained in this example. A nested
sequence of meshes is considered. The initial mesh (hi,;) is shown in figure
4, and the refined meshes are obtained, as in the first example, dividing each
element into 4 new ones. The function y required in ¢9(-), is defined on the
initial mesh by setting all the nodal values equal to zero except for those nodes
on I'; which are given a value of unity.

Unlike the first example, the outputs in (26) are general and the finite element
approximation can no longer be guaranteed to provide a lower bound. This
example shows that the bounds behave well even for problems with singulari-
ties. However, it is also observed that the convergence rate for the bounds, the
finite element approximation s, and the bound average, is no longer O(h?),
although it is still faster than linear.

For the reaction output, /¥ (u), an adaptive procedure has been employed
starting with the mesh shown in figure (4) where the bound gap Ay, is 0.1075,
and two target bound gaps have been considered Ay, = %Aini and Ay =
LA .
10 mi-

In order to achieve Ay = %Aini four new meshes are generated, where the

bound gap for the last mesh is Ay = 0.0471. The resulting sequence of meshes
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-a- F'E Apprc;ximatic;n ' ' ' 0261 =@ ISE Appréximatién
=& Upper Bound ’ =4 Upper Bound
-¥- Lower Bound -¥- Lower Bound
0.50| “©— Bound Average 0.28 —e~ Bound Average
[%)] 0.301
2
0451
S 0.32f
O
e il L 0.341
0.401
0.361
035 : : : : : : 038 : : : : : :
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Mesh diameter, h Mesh diameter, h
10° 100
— Pg
107 10
2 . 2
10
1072 107 100 10752 107 10°
Mesh diameter, h Mesh diameter, h

Fig. 5. Bounds convergence for a uniform h-refinement (up) and for the displacement
output £§ (u) (left) and for the reaction output ¢ (u) (right)

displacement average reaction average
h sh, 5~ st s Po sh, 5 st s Po
Rini 4060 | 3794 5297 4546 .1654 | -.3199 | -.3696 -.2621 -.3158 .1702
1/2hip; | 4163 | .4061 .4706 .4384 .0736 | -.3203 | -.3438 -.2982 -.3210 .0710
1/4hin; | 4207 | 4172 4423 4298 .0292 | -.3211 | -.3318 -.3133 -.3225 .0286
1/8hin; | 4224 | 4213 4309 4261 .0113 | -.3217 | -.3265 -.3189 -.3227 .0118

Table 2
Example 2: bounds and relative bound gap in a series of uniformly refined h-meshes
both for £§ (u) and 9 (u)

can be seen in figure (6), where the local elementary contributions to the global
bound gap are plotted in each element of the mesh. As can be seen not only
the zone where the output is measured (I';) is refined, but also the corners
where the solution is singular.

The values of the bounds for the adaptive procedure with the desired final gap
JAVRE= 1—10Aini are shown in table 3.
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0.0188
0.0164
0.0141
0.0118
0.0094
0.0071
0.0047
0.0024
0.0000

Fig. 6. Example 2: sequence of adapted meshes for the output B?(u) with desired
final gap Ao = %Ami with ng; = 108,165, 280,405 and 538

Ne1 A S1 Su

108 | .10749 | -.36957 -.26208
222 | 18215 | -.38940 -.20725
433 | 12171 | -.36880 -.24709
811 | .07199 | -.35089 -.27891
1387 | .03755 | -.33750 -.29995
1966 | .02428 | -.33392 -.30964
2532 | .01574 | -.32922 -.31348
3069 | .01172 | -.32826 -.31654
3564 | .00834 | -.32627 -.31793

Table 3
Example 2: bounds in a series of adaptively h-refined meshes both for ¢¢(u) with
desired final gap Ao = 1—10Aini
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Appendix
A Proof of Theorem 1

In this appendix we present a constructive proof of Theorem 1 which shows
the existence of piecewise polynomial equilibrated stress fields. Towards this
end some preliminary notation and results are required (see [4] for details).

Lemma 1 Given a triangle T, consider the following interpolation spaces

SP,(T) = {stress fields with 04z, 04y, 0yy € Pp(T)},
R;(0T) = {g € [Ry(IT)]?, s.t. 3o € SP¢(T),0 -n =g on IT},
P(T) = {4 € SP4(T),V - ¢, = 0,64 - n|or = 0},
Py om = Po N [Fy(T)],
and Pi «m e the orthogonal complement of P, o, with respect to the standard

scalar product in [P,(T))?, that is, every p € [P,(T)]* can be written uniquely
as p = py, + P, with py,, € Py and p* € Pism.

Then, for g > 1, and for any o € SP,(7T) the following relations imply o = 0:

/8T(0 .n)-p,dl =0  Vp, € R(IT), (A1)

/T o elp,)d=0 Vp,_,€P-, .. (A.2)

/ o:Clig,d2=0 Ve, e®,(T), (A.3)
T

PROOF. First let’s check that equations (A.1) and (A.2) imply that o €
®,(T). Indeed, on one hand, since o - nl,, € R;(9T), from equation (A.1),
Jyp (o - n)?dl = 0, which implies that o - n = 0 in 9T. On the other hand,
the following integration by parts:

/(V-a)-(V-a)dQ:/ (a-n)-(V-a)dF—/ o e(V-o)dQ,
T aT T
plus the fact that e(p,,) = 0 for p € Pgy, leads to

/T(V~a)~(V-a)dQ:/Ta:E(V-a—ﬂ’sm(V~a))dQ,
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where 7T, (+) is the projection operator from [P,_1(T)]? onto the space P,_; ¢m.
Then, since V- o — (V- 0) € P equation (A.2) implies

q—1,sm>
/(V-a)-(V-a)szO — V.e=0inQ
T

which shows that (A.1) and (A.2) imply that o € ®,(T). Finally, using equa-
tion (A.3),

/a:(C_lzaszo — o0 =0,
T

which ends the proof. O

Lemma 2 Let {p}i-1..1, {p;_l}jzlmJ and {gfl}lzlmL denote the elements of
a basis of RL(OT), Py, i, and ®,(T) respectively, where I, J and L sim-

ply denote the dimensions of each space. Then, any o € SP,(T) is uniquely
determined by the following degrees of freedom:

/BT(0'~n)-pf]dF, 1€ 1,
| o:ei e je
[o:ctician el
T

PROOF. Lemma 1 states that any stress field o € SP,(T) can be described
giving the values of the previous degrees of freedom. However, this description
it is not necessary unique, that is, different values of the previous degrees of
freedom can yield the same stress field. In order to see that this description is
unique, it is sufficient to see that the number of degrees of freedom coincides

with the dimension of SP,(T), where dim(SPy(T)) = 2(¢ + 1)(¢ + 2).

Let’s consider first the case ¢ > 1. It is clear that dim(R;(9T)) = 6(q+1) —3.
Now, a basis of [P, 1(T)]?, determined by q(q + 1) elements, defines only
q(q + 1) — 3 degrees of freedom of the form [, o : e(p, ;) dS), since e(t,) =
e(t,) =e(r) =0, for t,,t, and r the three rigid solid body motions, that is,
dim(PqL_Lsm) =q(q+1) — 3 since dim(P,_; gn) = dim(Pyy) = 3.

Then, the only remaining part is to determine the dimension of ®,(T). Any
¢ € ®,(T) can be rewritten as ¢, = 92b/0%y, ¢y = 9°b/02°, ¢4y = Syu =
—9%b/dxdy, where b € b%.P,_4(T) for by the cubic bubble function on T van-
ishing on 0T and achieving a maximum value of unity on T, see [2]. Therefore,
dim(®,(T)) = dim(P, 4(T)) = L(g — 2)(g — 3).
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Finally, it is trivial to check that:

S D@+ =6g+ ) =3+ gla+ ) =3+ (g~ 2)(a3).

dim(SP(T)) dim(Rg(OT))  dim(Pyy ) dim(®4(T))

For the particular case ¢ = 1, [Py(T)]? =< t,,t, >, and equations [y o :
g(py) dQ = 0 do not characterize any degree of freedom. Moreover, in this case
dim(®(T)) = 0. Then the 9 boundary degrees of freedom R{(0T) determine
uniquely the linear stress field in the triangle. O

We can now proceed directly with the proof of Theorem 1. We will assume that
the initial element €2 is a triangle, but the strategy can be easily extended
to quadrilateral elements. In order to find o, the initial triangle is divided
into three new triangles, 2, = T; U Ty U T3 by adding a point in the triangle
centroid, as indicated in figure (A.1).

Fig. A.1. Local subdivision of an element €2 into the triangles T¢, Ty and T3

Let, ox be a stress field in Q, where o[, € SP,(Ty),i = 1,2,3, that is,
o is a polynomial stress field of degree ¢ in each subtriangle, such that,
Olgr = TkAn, and with continuous normal tractions at the internal edges of
the partition (5ZJ = Tz N Tj, ’L,j =1... 3)

Then, setting o), = o+ ¢, the initial problem reduces to finding a piecewise
polynomial stress field o verifying:

aozs(v)dQ:/ (f*+V-ox)-vd2  YoeV (A.4)

o O
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Let oy be a piecewise polynomial stress field, where in each triangle T;, the
stress field o, = UO‘Ti is assumed to be polynomial of degree ¢ in each com-
ponent, that is, of € SP,(T;).

Then, o is uniquely determined by the degrees of freedom characterized in
Lemma 2. First, there are the 18(¢ + 1) — 9 degrees of freedom determining
the value of oy at the edges of (), and at the internal edges, namely

/ (o}-m)-pdl Vpe RLOT:),i=1...3.
oT;

Second, we have the degrees of freedom related to the divergence of o, that
is

/ ol e(p)dQ  Vpe Py an(T) i=1...3.
T;

And finally, the degrees of freedom associated to ®,(T;),7 = 1,2, 3, which can
be set arbitrarily.

The proof ends with the construction of o that verifies (A.4). This construc-
tion also follows the classification of Lemma 2: (i) the boundary degrees of
freedom, (ii) the divergence ones and (iii) the related to ®,(T;), which are not
detailed because they are arbitrary.

(i) The 18(¢+1) —9 boundary degrees of freedom are determined in two steps.
First, the 12(¢ + 1) constraints to enforce compatibility are imposed

/(ag-n)-pdr:o Vpe[R,()%i=1...3, (A.5)
Vi
where v, = dT; N JT, and

/ (o} -m) -pdl = /5 () -m)-pdl'  Vp € [R,(6:;)]%4,j=1...3,i <]

§ . (A.6)
Then, the 6¢—3 remainder degrees of freedom are used to impose the following
additional constraints,

/aT.(O'é-n)-'de: —/_(f*+V-0'>\)-de Yo € Pyyon(Ti),i=1...3.
Z Z (A.7)

It is important to note that since A, and f* verify equation (22), some of
the previous equations are redundant. For ¢ > 1, equation (A.7) represents 9
constraints but only 6 degrees of freedom are required to impose them because
equation (22) is scalar and dim(Pg,) = 3. In the case ¢ = 1, equation (A.7)
represents 6 constraints but only 3 of them are independent for the same
reason. Note that for ¢ = 1, the boundary degrees of freedom are uniquely
determined, while for ¢ > 1, there are 6g — 9 degrees of freedom left associated
to the internal boundaries which can be set arbitrarily.
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(ii) Once the boundary degrees of freedom are fixed, we impose those related
to the divergence of o, namely

/Tiaé:s(p)dQ:/i(f*—l—V-aA)~de+/8Ti(aé~n)~de, (A.8)

forall pe P,y (T ,i=1...3.

Once (A.7) and in (A.8) have been imposed, o verifies

/T,.aézs(p)dQ:/(f*+V-0'>\)~de+ (o) -m)-pdl,  (A.9)

i oT;
for all P c [Pq—l(Ti)Pui =1...3.

To conclude the proof it only remains to show that the stress field oy indeed
verifies (A.4). On one hand, a simple integration by parts shows that equation
(A.9) is equivalent to

//.(V~aé—(f*+V~a>\))~de —0  Vpe[P, (T)%i=1...3. (A.10)

Since V- g, f* and V- o € [P,_1(T;)]?, we have V - o) = f*+ V- o,
and thus equations (A.9) and (A.10) hold not only for p € [P,—1(T;)]* but for
p € [HY(T;)]?. One the other hand, using a similar reasoning, we have that
o, € SP,(T;) and equations (A.5), (A.6) give of-n| =0, =1...3 and

(o} — o) -n‘&‘ =0,4,5=1...3,i < j. Thus,
/<ag-n)-pdr=o Vpel[R,(v)%i=1...3, (A.11)
Vi

where v; = dT; N JT, and
/ (o} -n) - pdl :/(S () -n)-pdl Vp € [Ry(0:))%, 4,5 =1...3,i < j

’ ’ (A.12)
hold, not 01;11y for p € [R;(v:)]* and p € [R;(0;)]?, but for p € [H2(y:)]?
and p € [H2(d;;)]? respectively. Finally, for any v € V; = [H!(T)]? using the

infinite dimensional versions of equations (A.5), (A.6) and (A.9), and the fact
that v is continuous on d;;,

/Taozs(v)dﬂzzg:/ o} e(v)d =
_/ "+V-0o,) de+Z/ (0h-n)-vdl

0

_/ LV o) - vdQ
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ending the proof.
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